Lecture 12: Prior Estimate

Zhongjian Wang*

Abstract

Prior estimate for multiple stochastic integrals.

Recall Doob Inequality: A martingale X = {X,,¢ > 0} with finite p th- moment (p > 1)

satisfies,
» \’
E(Sup |Xs|p) < <—> E(|X:").

0<s<t p—1

Cauchy-Schwartz inequality,

< [ [

1 Moments of Multiple Stochastic Integrals

' [ sgta)aa

First Moments Lemma: Let a € M\{v} with l(a) # n(«a), let f € H, and let p
and 7 be two stopping times with ) < p <7 <T < 0o, w.p.1. Then

Ealf()]or[A) =0, wpl (1.1)

A Mean-Square Lemma: Let p<7<p+9 <T, then:

E ( sup |Ia [g]p,8|2|Ap> < 4l(a)—n(a)5l(a)+n(a)—1/ Rp,s ds

s€[p,T] p

Rys = E(sup |g(t)]*|A,) < 0. (1.2)

p<t<s

Proof: Induction on «. First a = (0), l(a) = 1, n(a) = 1.

E (iﬁg” :g(z)sz(Ap) <E (5/p |g(z)|2dz‘Ap>

< 4l(a)—n(a)5l(o¢)+n(a)—1 /T vaS ds. (13)

p
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E | sup |/ g(z)dWZ]2
s€lp,r] Jp
AE <|/ g(2)dIW. 2 AP)
p
1| Ellg)Pi4,)a:
P

4l(a)—n(a)5l(a)+n(a)—1 /T Rp,s ds.
p

The factor 4 comes from Doob’s inequality for martingales.
a=(ag,  ,a51), () =k + 1.

Case I: ap 1 =0.

by induction:

IN

IN

IN

IN

IN

52§l(a7)+n(a7)714l(o¢7)fn(a7) /T Rp,z dz

p

4l(a)7n(a)5l(a)+n(a)fl /T Rp,z dz.

p

(1.4)

(1.5)

(1.6)



Case II: ax4+1 # 0. By Doob, induction:

E [ sup | [a,[g]p,deZIQ A,
s€lp,] Jp

)

4,)dz

< 4 sup E (|/ Lo_1g],-dW.|?
p

s€[p,7]

< s [ B (L lg).P
p

s€[p,T]

s€[p,]

< 45E<sup ’[oc—[g]Pﬁ’Q’AP>

< 4p4ller)mnlas)gllas)bnfas) 1 / "R,.d:

p

< gl@)—n(a) sl(e)+n(a)-1 /T Rp,z dz. (17)

p

Estimates of Higher Moments (Rough): With the same setting,

(E (Talg()]pr " | A))" < (2029 = 1)e7) 7 (7 = @il g (1.8)
where
1/q
R (2 ( s laoP 1 4,)) (19)

2 Estimate of a Multiple Ito Integral

2.1 The estimate

Let o = (ay, g, -+) # v, v the empty index, § the time step of discretization over [0, 77,
T,’s the uniform discrete time steps, g a right continuous adapted process. Let:

Ro. = E( Sl[lp] lg(s)|*|Ap) < oo, (2.10)
s€(0,u
n,—1
F = E(sup | Z La[g()]rnmin + ]a[g(')]Tnz,ZF Ap). (2.11)
z€[0,t] n—0
Then,
¢
F < t52(l(“)1)/ Ry, du, if (o) =n(a), (2.12)
0
and .
Fr < 4l(a)_”(a)+2§l(a)+"(a)_l/ Ry, du, l(a) # n(w), (2.13)
0
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where

n, :=max{n € N|r, < z}. (2.14)
2.2 Remark
The case [ = n is the deterministic Riemann integrals, we see that the total error is O(5'1)
while local error of each term is O(d'). When [ # n, total error is O((Sl+n71). Each term

conditioned locally is O(60+7)/2) = 0(5%/”). So (2.12)-(2.13) derived the ”rule of thumb”:

1. a deterministic term, e.g. (g ), in the truncation error, leads to a global error of size
O(t™'1(0,0)), or truncation error divided by ¢ (¢ equal to the step size);

2. a stochastic term, e.g. I(1), in the truncation error, leads to a global error of size
O(t*1/21(170)), or truncation error divided by /2 (¢ equal to the step size). See
cancellation between (2.20) and (2.21).

Let A, be the indices for discretizations of order «y in the truncated Ito-Taylor expansion.
Arp = {0,(0), (D)},
Ar = {0,(0),(1), (1, 1)},
A, = {v,(0),(1),(1,1),(0,1),(

17 0)7 (07 0)7 (17 ]'7 1)}7
Ay = AisU{(0,1,1),(1,0,1),(1,1,0),(1,1,1,1)}. (2.15)
A general expression for A, is:
1
A, ={l(a) +n(a) <2v, orl(a) =n(a) =7+ 5} (2.16)
2.3 Proof
When [(a) = n(a),
Fe = B(sw | [ Ta g0, du?| A0)
z€[0,t]
< t-B(sup / a9, ol | o)
zE[O t]
< ¢ / E(E( sup Lo [g()]n s ATM)‘AO) du. (2.17)
0 SE [Ty »u
By Lemma in (1.2):
t u
Fe < pgller)nlas)gllas)tnlas)-1 / E( / R, s ds’Ao) du
0 Tny
¢
< tolla)nlas) / E(R,, .|Ao)du
0
t
< 521 / Ry du. (2.18)
0



When I(«) #

n(a):

Case I: n(a—) =n(a) — 1.
ny—1
Fo< 2KB( Sl[lp]\ Z I Tn,TnH!Q’Ao) +2E( sup, | 1a[g)r,.. - I*| Ao).- (2.19)
z€|0,t z€[0,t

For the first term, use Doob inequality and Lemma in (1.2):

IN

IN

Iterating (2.21):

IN

IN

ny—1
E(sup | 3 Lalghe, | 40)
z€[0t] 2,
ny—1
sup 45| 1,[9].. Ap)
z€(0,t] Z
nz—Q
sup 4E(| Z Lo TnaTn+1|2
z€[0,t]
ny—2
+2 Z [a[g]TnyTnJrl : E[[a[g]TnzflyTnz ATnzfl]
n=0
+E[|Lalg),. 1.m. [*| Ar. 1] | Ao) (2.20)
Nny—2
sup 4E(] Z Llg)m | +
z€(0,t]
4l(a)—n(a)5l(a)+n(a)—1/ : Rmz_l,udU}Ao)- (2.21)
Tny—1
n,—3
sup 4E(] Z Llg) | +
z€(0,t]

4l(a)—n(a)5l(a)+”(a)_1/ " RTnz—z,udu

z—2

4l(a)fn(a)5l(a)+n(a)*l / RTnz_hudu)A(ﬁ

Tny—1

sup 4E(4l(a)fn(a)5l(a)+n(a)fl / R07udU|A0)
0

z€[0,¢]

t
4l(a)n(a)+1(sl(a)+n(a)l/ RO,udu- (222)
0



The 2nd term of (2.19) is bounded as:

B sup |La[gls,. | 4o)

z€(0,t]

= E(sup | Ioé,[g]mz,udu]2 )
z€[0,t] Tny

< E(suwp (Z—Tnz)/ Lo (gl o] A0)
ZG[O,t} Tn

Lz

IN

5/tE<E< up Lo lgln, [ Ar,,)| Ao}
0

SE[ Ty U]

t u
< g4llem)—n(a-) / E( / R, odsd" @)@ Ay dy
0 Tn,

u

t
< gl)=n(@)glla)+n(e)-1 / Ry udu. (2.23)
0

Note in the estimate we only need 44®)=@)+2,
Case II: I(a) # n(a), n(a—) = n(a).

z

FY = E(sup ’ Io- []Tn uquP’AO)

z€[0,t]

IN

4 sup E| I [9)7, wdW,|? ’Ao

z€(0,t]

IN

4 sup / E(E|I._[g ]Tnu,u|2

z€[0,t] JO

t
4/ E(E( sup |lo-[g)r, s|*47,)|A
0 s€

[Tnu 7u]

ATnu )

A(])du

IA

0)du

t u
< 4gller)mnlen) / E(| R, .ds¢® )du
0 Tn

u

t
< 4l(a)n(a)6l(a)+n(a)1/ Ro’udu. (224)
0

Proof is complete.



