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Key empirical observations

= The optimal learning rate decreases as
network width increases.

= A learning rate tuned at width 512 can
diverge or slow dramatically when scaled to
width 2048.
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Standard Practice

7.0
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3 o Why this matters for LLMs

255

2 Pretraining state of the art base models can

§ >0 cost hundreds of millions of dollars.

TS Hyperparameter transfer is therefore essential,
4.0 not optional.
35 —— 8192 optimum shifts
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Standard Practice Our Work

Adam learning rate scaling:

= Weight matrices

128

g2
£°°0 o 1
© — .
Fa5 — 10 - Scale learning rate by :
4o — 2048 /A d_in
= t ti tabl —>\/
| E— optimum stable . .
fall — C = Embedding matrices
-20 -18 -16 -14 -12 -10 -20 -18 -16 =-14 -12 -10
logzLearningRate logzLearningRate

- No learning-rate scaling
Yang et al., NeurlPS 2021

Here, d_in denotes the effective input dimensionality of the parameter block.

Current theory is highly specialized
Existing derivations require extensive random matrix arguments and justify transfer only near

initialization.
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Large PINN is Hard to Train
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What this talk is about

Design width-independent neural optimizers and
develop a principled understanding of learning-rate scaling rules
from a matrix operator norm perspective.
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Problem Setup: Neural Network Optimization

We consider the constrained optimization problem

Wwerr]lmeec f(W1;z,b1;e) = ’C(yl(x))’

where y,(x) € R is the output of an ¢-layer feedforward neural network evaluated at input x € R.

Network architecture
The network is defined recursively as
yi(x) = o(W;y,_{(x)+ b;), i=1,...,4,
with
Wi e R"? and W;cR"*" (i>2).

Later, we write ® := {W1.,, by.¢} for simplicity.
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Decoupled Weight Decay as an Implicit Constraint

Let d' denote the negative update direction at iteration t. We consider updates of the form

where 7 is the learning rate and A € (0, 1) is the weight decay coefficient.

Yiping Lu
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Decoupled Weight Decay as an Implicit Constraint

Let d' denote the negative update direction at iteration t. We consider updates of the form
0!‘ — 01‘71 _ ndl‘—1 _ T])\Bt71

——
Weight Decay

where 7 is the learning rate and A € (0, 1) is the weight decay coefficient.

Fact
If||d'|| < AR and ||6°|| < R, we have ||0!|| < R forall t > 0.

View decoupled weight decay as enforcing an implicit norm ball constraint.

Remark: Stationary criteria should be Frank-Wolfe gap.
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AdamW and signSGD

= AdamW is a standard optimizer for large scale neural network training. [Kingma and Ba, 2015; Loshchilov
and Hutter, 2019]

g' = VIO, &) (gradient)
m' = gm'™" + (1 - B)g" (first moment)

vVi=3v""+(1-B)g'®g" (second moment)
t t

=" =V
“TeE TR
ol — o1 _ n ' o 77)\9t_1
Vit +e
; ; - t ~ gt—1 g . pgt-1 : t
Adam approximates signSGD [Bernstein et al, 2018, ICML]. 8" ~ @'~ — n\/ﬁ ~ 0" —n-sign(g").
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Lion: Sign Updates with Momentum (crenetat. 2023

Key idea

Lion can be viewed as SignSGD + momentum + decoupled weight decay.

g' = V(e &)
m' = gim'~" + (1~ B)g'
0' = 6" — psign(m') — n\e""

= Automatic discovery of optimizers through RL and meta learning
= Lower memory usage than AdamW
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Muon: Matrix Sign Updates

Key idea

Change the optimization geometry from a vector space to a matrix space.

G[ = Vf(Gt_1 ) fl)
M' = BM™" + (1 - 31)G
©' = 0" — ymatrixsign(M') — @'

» If G= UXV', then matrixsign(G) = UV '; it can be approximated by Newton Schulz
iterations. [Jordan et al., 2024]
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Competing Learning Rate Scaling Rules for Muon

P variant [Yang et al., 2023]

/d_out
d_in

7]base

optimal LR for the base (small) model

Grafting in spectral geometry.

Moonlight variant [Liu et al.,

2025]

v/max{d_out,d_in} -

TlAdam

tuned LR using AdamW

= Deployed in Kimi

= Euclidean grafting [Agarwal et al., 2020]

= Optimal learning rate decays as

O(1 /+/width).

Here, d_out denotes the effective output dimensionality of the parameter block.
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Steepest Descent in Matrix Operator Geometry

Matrix Thinking

All these optimizers admit a unified interpretation as steepest descent under different matrix

operator norms.

Yiping Lu

D' = arg min(M', D)
l1D]l-<1
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Steepest Descent in Matrix Operator Geometry

Matrix Thinking

All these optimizers admit a unified interpretation as steepest descent under different matrix
operator norms.

D' = arg min(M', D) (%)
[ID][- <1
Definition (Operator Norm)
Let || - ||in @nd || - |lous b€ Nnorms on R” and R™. The operator norm of D induced by these norms is
defined as
||D||in—>out .= sup HDxHout-
llxin=1
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Choosing the Matrix Operator Norm

Example (SignSGD/Adam/Lion, /1 — (..)

The element-wise /., norm of D coincides with its /1 — /., operator norm, i.e.,
|D||100 = max|D;;| and D* = argmin (M,D) = —sign(M).
1]

[ID][1— 00 <1
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Choosing the Matrix Operator Norm

Example (SignSGD/Adam/Lion, /1 — (..)

The element-wise /., norm of D coincides with its /1 — /., operator norm, i.e.,
|D||100 = max|D;;| and D* = argmin (M,D) = —sign(M).
1]

1|1 00 <1
Example (Muon, /o — /5)

The spectral norm of D coincides with its ¢, — ¢, operator norm, i.e.,

ID||2—s2 = ||D]]2 and D* = argmin (M, D) = —matrixsign(M).
[|D]|2—2<1
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COI u m n NOI’ma| izatiO n [Bernstein and Newhouse, 2024]

Example (Geometry: /1 — £;)

D = max || D.
1D]|1-q Ce[rﬁ” sellg

D* = —colnormg(M).
sign(M. ;) © M. c|9 !
M]3

colnormg(M). ¢ :=

b

1, 1 _
whereq—&—q* 1.

Interpretation

Each column is normalized in the dual geometry induced by £,.
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ROW Normal ization [Bernstein and Newhouse, 2024]

Example (Geometry: /, — ()

[Dllp—oc = max |[Dy[|p~,
re[m)

D* = —rownormp(M).
sign(M,.) ® |M, [P~
rownormy,(M),. == gn ||;I/l) ||p|—1r’-| )
r:llp

1 1
where B + o = 1.
Interpretation
Each row is normalized in the dual geometry induced by /.
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Matrix Thinking

SignSGD / AdamW Column norm Row norm Muon

Il =00 Il ll1—q |- llo—soo - [l2—2

Choosing the right matrix operator norm is the key to designing new
optimizers.
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Geometry-Aware Principles for Optimizer Design

= Low per-iteration computational cost
- Choose matrix operator geometries || - ||p—q With p < q.

= Neural network landscape
- Width-independent Lipschitz bound: the network’s forward sensitivity is bounded independently of
width.
- Width-independent smoothness bound: the second-order sensitivity is bounded independently of
width.

These width independent bounds naturally induce learning rate scaling rules that remain stable
across widths and enable hyperparameter transfer.
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Why Standard Operator Norms Do Not Compose

Observation

Standard ¢, — ¢4 operator norms introduce width dependent factors when they are composed across layers.

For one layer, operator control gives

VWY eitllowe < IWellinsous [V, ¥ellsy,-
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Why Standard Operator Norms Do Not Compose
Observation
Standard ¢, — ¢4 operator norms introduce width dependent factors when they are composed across layers.

For one layer, operator control gives

VWY eitllowe < IWellinsous [V, ¥ellsy,-

Cross layer requirement

To iterate without a dimensional penalty, require || - [|in < || - [Jout.
£+1
[Vwi¥erell e < TTIWkllin-sout [V w,yell;,
k=¢
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A Width Dependent Embedding Gap

Example (The all ones vector)
The two consecutive bounds involve different norms

of the same intermediate feature: Forx=(1,...,1) e R",
[Vw.Ye.s HOut < WellinsoutIVw, ¥ellin 1%lo0 = 1;/
_ /e
va/yf+2Hout < ||W£+1||in‘>OUtHvayf+1Hin' ||X||p s

1x[l+ = n.

Consequence

Standard norm embeddings inject powers of the width into the stability bound.

Yiping Lu Width Independent Theory « 19



Mean Normalized Norms Compose Across Layers

Definition (Mean-Normalized Norm)

We introduce a width aware geometry through the mean-normalized norms || - [|(p nean):

10 1/p
X1l .meam) = (,,Z|Xi|p> = n""P|x]lp.

i=1
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Mean Normalized Norms Compose Across Layers

Definition (Mean-Normalized Norm)

We introduce a width aware geometry through the mean-normalized norms || - [|(p nean):

10 1/p
X1l .meam) = (,, > |Xi|p> = n""P|x]lp.
i=1

= The factor n—1/P precisely cancels the dimensional scaling of the £y embeddings.

Fact
Forx e R"and1 < p < q < x,

HX”(P,mean) < ||X||(q,mean)-

= Choose || - |(p,nean)—(g.mean) With p < q.

Yiping Lu Width Independent Theory « 20



Mean Normalized Norms Compose Across Layers

Definition (Mean-Normalized Norm)

We introduce a width aware geometry through the mean-normalized norms || - [|(p nean):

10 1/p
X1l .meam) = (,, > |Xi|p> = n""P|x]lp.
i=1

= The factor n—1/P precisely cancels the dimensional scaling of the £y embeddings.

Fact
Forx e R"and1 < p < q < x,

HX”(P,mean) < ||X||(q,mean)-

= Choose || - |(p,nean)—(g.mean) With p < q.
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Width Independent Lipschitz Bound

Theorem (Lipschitz bound in mean normalized geometry)

Assume 1 < p < g < oo, bounded inputs, and bounded first derivatives of o and L. Define
Qc :={0 : [O][blocx < C},

where

H®”block = max{ ” Wi ||1~>(q,mean)7 2<T<ae>(71 H Wi||(p,mean)~>(q,mean)7 H WZ‘|(p,mean)~>ooa mlax ||blHoo}

Then the loss is M Lipschitz on Q ¢, where M is independent of the width.

Implication

The forward sensitivity of the network remains controlled as width grows.

Yiping Lu Width Independent Theory - 21



Width Independent Smoothness

Definition (L smoothness)

With respect to a norm || - ||, the gradient satisfies
IVH(Z) - VI(Z)|l. < LI|Z - Z'|.
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Width Independent Smoothness

Definition (L smoothness)

With respect to a norm || - ||, the gradient satisfies
IVH(Z) - VI(Z)|l. < LI|Z - Z'|.

Theorem (Width dependence of the smoothness constant)

Under the preceding boundedness assumptions, with bounded first and second derivatives of o
and L,

|VH(©) — VH(O')|[block, < Lwm>{02/a=1/PH|@ — @||p10ck,
where L is independent of width.
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Width Independent Smoothness

Definition (L smoothness)

With respect to a norm || - ||, the gradient satisfies
IVH(Z) - VI(Z)|l. < LI|Z - Z'|.

Theorem (Width dependence of the smoothness constant)

Under the preceding boundedness assumptions, with bounded first and second derivatives of o
and L,

|VH(©) — VO )|lblock.» < Lwm>{02/9=1/PH|@ — @'||1 100k,
where L is independent of width.

Width independent smoothness holds when g > 2p.
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Why the Condition g > 2p Appears

Featurewise nonlinearities produce a Hadamard product in the quadratic Taylor term.
Lemma (Mean normalized Hadamard inequality)

Forx,y €e R"andp,q > 1,

max{0,2/q—1
||X® yH(p,mean) <n {0,219 /p}HxH(q,mean)Hy”(q,mean)'

Yiping Lu Width Independent Theory « 23
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Why the Condition g > 2p Appears

Featurewise nonlinearities produce a Hadamard product in the quadratic Taylor term.
Lemma (Mean normalized Hadamard inequality)

Forx,y €e R"andp,q > 1,

max{0,2/q—1
||X © yH(p,mean) <n s HxH(q,mean)Hy”(q,mean)~
Consequently,

[VEHW) AW, AW?]| < [[(AW'x) © (AW?X)|(p.mean)
< W02/ | AW Xl gt | AW g

Operator control

If HAW1”(p,mean)—>(q,mean) < 11 then HAW1X||(q,mean) < ||X||(p,mea,n)-
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Width Aware Learning Rate Scaling

Matrix Operator Geometry Aware (MOGA) Scaling

For D ¢ Ré-eutxd-in gnd 1 < p < g < o0,

d_in'/P

m HD”PHQ'

||DH(p,mean)—>(q,mean) =

= At the algebraic endpoint for Adam (¢/; — ¢.,), MOGA recovers the uP factor .

= For Muon (¢ — ¢»), MOGA recovers the pP factor | v/d_out/d_in|.

= The spectral condition of Yang et al. (2023) imposes the same update scale.
- When p =g =2, L = O(y/w); a stable step size therefore scales as O(1/+/w), matching Moonlight.
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MOGA Optimizer

Part | Initialization and column geometry

Algorithm 1 MOGA: Matrix-Operator-Geometry-Aware Steepest Descent

Require: Learning rates {'};»0, momentum parameters S, 8, € (0, 1), initial parameters @°
1: M0«0 > M' has the same block structure as @'
2: forr=1,2,... do
3 Sample stochastic gradient: G «— VF (0" 1;¢), £ ~P

4: Exponential moving average: M’ <—,31M’_‘1 +(1-81)G

5: Lookahead (Nesterov-type) momentum: M’ < B,M'~! + (1-8,)G

6: if Descent under (1, mean) — (g, mean) then >qg>2
7: fori=1to¢do

( d )l/q
—1 out ~
8: Wl.’ — Wl.’ -n- T - colnorm, (M:Vfl)
mn

9: bl — b~ — ' sign (M ;)i) > or steepest descent under (g, mean) norm
10: end for
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MOGA Optimizer

Part Il Row geometry and loop closure

11: else if Descent under (p, mean) — oo then
12: fori=1to ¢ do
s 1 ~
13: W Wl -yt @7 -rownorm,, (M;V:_l)
m
14: bl — b~ —n'sign (M,‘,i)
15: end for
16: end if
17: end for

Yiping Lu MOGA - 25



Adapting to Transformers

Val loss vs Token (log-Y)

—— Embed:ColmunNorm

= Linear layers in MLPs and attention: optimized a4x100 Embed:RowNorm
. . . —— Embed:SignGD
using MOGA with scaling.

4.2 %100

4x10°

= Biases and LayerNorm parameters: optimized
using SignGD.

3.8 x 10°

3.6 100

Validation loss (log scale)

= Input word and positional embeddings: map
one-hot vectors (with ¢; geometry) to feature
representations (with (g, mean) geometry).

3.4% 100

3.2x10°

0.2 0.4 0.6 0.8 10

= Word unembedding: the unembedding matrix is Token 1eto

tied to the word embedding matrix. Embedding and output layer comparison
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Learning Rate Transfer Across Model Scales

Architecture: GPT-2 family (Small — XL)

4a Model size
small (117M)
medium (355M)
4.2 —e— large (774M)
—o— xl (1542M)

4.0

o

2

s

c 38

s

&

=

=36

S

5

2

34
32
3.0
28

1072 1072
Learning rate

(a) MOGA (p = 1.5)

The optimal learning rate remains stable across model widths.

Yiping Lu

Final validation loss
Wooow W W s s s
S » @ ® o N =

w
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®

Model size

small (117M)

medium (355M)
—e— large (774M)
—o— xl (1542M)

1072 102
Learning rate

(b) MOGA (p = 2)
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Learning Rate Transfer Across Model Scales

Model size

small (117M)

medium (355M)
—o— large (774M)
4.501 —e— xl (1542M)

Final validation loss
I
o
3

3.50

1072 1072
Learning rate

(c) MOGA (p = 3)
Learning rate transfer. The optimal learning rate remains stable from GPT-2 Small to XL.
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LLM Pretraining: Standard Token Budget

4x10°

Validation loss (log scale)

3x10°

Yiping Lu

Val loss vs Token (log-Y)

—— Adam
—— MOGA(row,p=2)
—— Muon

0.5 1.0 1.5 2.0 2.5
Token le9

LLaMA 130M

6x10°

Validation loss (log scale)

4x10°

Val loss vs Token (log-Y)

—— Adam
—— MOGA(row,p=2)
—— Muon

0.5 1.0 15 2.0 25 3.0
Token le9

GPT-2 Small model

MOGA converges at nearly the same rate as Muon under a 1 x Chinchilla budget.
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LLM Pretraining: Large Token Budget

Val loss vs Token (log-Y) Val loss vs Token (log-Y)
3.5x10° 4x10°
3.4 % 10°
o) @
g 33x10° T M
a b
g . , g
@ 32x10° 15 2.0 = 125 150 175 200
3 lel 8 lel
<
=
S 2
§ 31x10° E
S =2
> E
3%x10°1 — Adam
—— Adam
e — MOGA(row,p=2) WM
— uon
I | | I I . Muon M
0.0 0.5 IIOTcken 1.5 2.0 110 00 o5 0 s 20
Token lelo
LLEEEA TS0 GPT-2 Small model

MOGA converges faster late in training, when the loss is small.
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Related Work on Row and Column Normalization

= Training Deep Learning Models with Norm-Constrained LMOs,
arXiv:2502.07529

= A Minimalist Optimizer Design for LLM Pretraining,
arXiv:2506.16659

= Mano: Rethinking Manifold Optimization for LLM Training,
arXiv:2601.23000

= RMNP: Row-Momentum Normalized Preconditioning for Scalable Matrix-Based Optimization,
arXiv:2603.20527
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Take Home Messages

= Hyperparameter transfer is essential for optimizer design at LLM scale.

Future Direction: Is there a norm unifies approxiamtion, generalization and optimization?
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Take Home Messages

= Hyperparameter transfer is essential for optimizer design at LLM scale.

= Matrix operator geometry unifies SignSGD, AdamW, Muon, and normalized matrix updates.

Future Direction: Is there a norm unifies approxiamtion, generalization and optimization?
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Take Home Messages

= Hyperparameter transfer is essential for optimizer design at LLM scale.
= Matrix operator geometry unifies SignSGD, AdamW, Muon, and normalized matrix updates.

= Mean normalized geometry yields width independent Lipschitz and smoothness bounds when
q > 2p, together with width aware learning rate scaling.

Future Direction: Is there a norm unifies approxiamtion, generalization and optimization?
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Take Home Messages

= Hyperparameter transfer is essential for optimizer design at LLM scale.
= Matrix operator geometry unifies SignSGD, AdamW, Muon, and normalized matrix updates.

= Mean normalized geometry yields width independent Lipschitz and smoothness bounds when
q > 2p, together with width aware learning rate scaling.

= MOGA recovers the 1P factor for Adam at (p, q) = (1, o) and transfers effectively across model
widths.

Future Direction: Is there a norm unifies approxiamtion, generalization and optimization?
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Appendix: Spectral Condition

= Feature scale

|lyill2 = ©(Vfanout), and ||Ay||l. = ©(Vfanout)

f t f t
IWille =0 /= ). and AW = © 1/ 2o
fanin fanin

Yang G, Simon J B, Bernstein J. A spectral condition for feature learning. arXiv preprint
arXiv:2310.17813, 2023.

= Parameter scale

Yiping Lu Appendix « 32



llp—q

Yiping Lu

Beijing International Center
for Mathematical Research
Peking University

Industrial Engineering &

Management Science ,
Northwestern University

Width Scaling of NN Optimizer

Thank you

Questions?



	Motivation
	Matrix Operator Geometry
	Width Independent Theory
	MOGA
	Empirical Results
	Appendix
	Appendix


