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Search and Descent phase in singleindex models Ben Arousetal 21 JMLR

almost allof the data is used simply in the initial
search phase

except for the simplest tasks

a Simplest task final convergence and overparametrization Xu Du 23 COLT

over.parametrization may slow
down final convergence exponentially

All notations follow original papers1

Online Stochastin gradient desent on non convex losses from

high
dimension inference

GerardBen Arous Rena Ghesissari Aukosh Tagannath

Setting target to estimate ONE SN N dimension

data distribution Po PON
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loss function LN SNx RRTE
population loss
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with 中 1，1 IR.mn x x ON

connelation of x withON

Weak recovery

a sequence f estimators ONES weakly recovers

the parameter ON if for some
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necall if On is drawnuniformly at random then n ON N

Strong recovery

nso.fim_Plmnion.la 1 o

Algorithm online SGD on sphere

X Xo learningrate single sample online SGD
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spherical gradient
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remark online SGD M iid samples from Ppr stands for M steps

Assumptions
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1A 中 is differentiable and 中 is strictlyly negative in 0，1

Information exponent

Ref population loss INx1 中mwlxl has information exponent k
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Main result Strong recovery in M steps
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Remark sample complexity of strong netovery is always at most polynomial

Main result weak recovery

if αN XdNk

then sup lmwlxtll 0 in probability and in LP for anyp 1

t M

lower bound of weak recovery

Remark lower bound of weak recovery
α N k is optimal up to 0 110gN12



Main result search phase vs descent phase

Def Ti inf 1mnfxtlsny end of search phase

Tin inf tlmnlxi 1ny endof descent phase

Theorem
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with probability 1 o 11

Remark this implies

samples used in deslent phase

Samples used in search phase
⼆ ⼤ vanishes for k 2

Intuition behind x N k

consider GDfor the population loss

for small mt and some c
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Over parametrization Expontially Slows Down Gradient
Descent

for Learning a Single Neuron

Weihang Xu Simon S Du

Setting target to estimate v ERd

model f xiw 忌Relukwi

n neurons
Student neurons

label g 1Rd R
x relukvX

1055 LW Ex Nlo.Ilfhlfixiwl.glx17 population loss
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Algorithm GD on population loss

exact parametrization Yehudai andShamir 207

n 1

L WH epfr七1

over parametrization n Du

In 2

Llwitll T 3

Upper bound L w 七1 0 T 3

denote Oi angle between Wi and

VLemman.LI w 张 11Will I

Llwl r 03 implies

L is lower bounded by a cubicfunction of 0

When W is close to globalminimizerof L

忘Wi v

i E n Oi 0

Then optimizing R 03 around 0 0 gives the upperbound
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Remark

03 also implies a riskof slow convergence as

1013 around 0 0 is convex butnotstronglyconex

esognadientflowd.esnot have a guarantee

of L w til exptrtl

If the lower bound is stronger as

Llw 2 02 maybe strong convexity gives

Llwcti exptr.tl

this does not hold for this problem

Lower bound Llwill SLIT31

motivating examples

teacher direction is learnt

W ⼊Vi WE⼊2V2 ⼀ Wn ⼊nVn

then DwiL ⽴ ƩWj v 主 Ejij 1 V

导⼊j 1 o exponentially

Llwitil exptr⽐1

student neurons are aligned

W Wz Wn

simple computation willgive



gradient of each neuron

n x gradient of singleneuron last In 11

Llwitiltexpfrctl

teacher direction is not learnt perfectly

consider symmetric call with n 2
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Walol ⼊107Ut⼊2101it Welol ilolV ⼀⼊2101it

easy to see the symmetry always
holds t
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GD gives

1N
州 州 ⽴ 1 111⼀笑 器

⼊2⽐11 ⼊2⽐1 11 品20 ⾔sin201
⽹

When 0 0111

HI implies ⼊11圳 ⼀主 1111七1⼀ 11nl

⼊ lonverges to 主 exponentially

1 can be rewritten as with⼊⼀⽣⼆ 0111

⼊2七州 ⼆ 121七110⼀笑⼊2⽐1

in converges to 0 with rate Xzltlnt

Llwitl t 3



This means the final convergence is Llwltl r t 3

due to the slow moving orthogonal to V


