Linear Algebra

Dr. Ralph Chikhany



Course notes adapted from N. Hammoud’s NYU lecture notes.






Orthogonal and Orthonormal Vectors

The vectors ¢1,. .., g, are orthogonal if
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The vectors ¢, ..., q, are orthonormal if
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Matrices with Orthonormal Columns

A matrix that has orthonormal columns is denoted by @), where
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If Q is a square matrix with Orthoniiiil columns, then @ is called

an orthogonal matrix. In this cas an

{ Q@ is invertible with Q—! = QT ]







Orthogonal Bases

A set of vectors {q1,...,qn} is called an orthogonal basis of a
vector space V if ¢i,..., ¢, are orthogonal and they span V.

D

Theorem : {qi,...,qx} is an orthogonal set of nonzero vectors in R™,
then q1,..., g, are linearly independent and they form a
basis for the subspace S = span{qi,...,q,}.
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Theorem of Coefficients
Let {41, ..,q,} be an orthogonal basis for a subspace S C R™. For each v € S,
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for 1 <i<n.
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The Gram-Schmidt Process

Consider a vector space V with basis By = {¥1,Vs,...,0,} ¥

Gram-Schmidt (G-S) turns By into an orthogonal basis {q1, 2, - . . , ¢r } by using

projections.
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Consider a vector space V' with basis By = {v1, Vs, ..., U, }

Gram-Schmidt (G-S) turns Sy into an orthogonal basis {¢1, @2, - - ., @n } by using
projections.
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Find an orthogonal basis {u1,u2,us} for W = Span{v;, v2,v3} = R>, where
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Find an orthogonal basis {u1,u2,us} for W = Span{v;, v2,v3} = R>, where

| 1 3\ c-g I 0 1
vp=1],ve=[1],vs=|(1] wwhur=[1],u2=|0],us=1-1
0 1 1 0 1 0
. Ny ¢ @
Why does this work? )
» Once we have u; and w2, then we’re sad ’ﬂ@{ are Unv+ Ve (fo e '
because v3 is not orthogonal to u; and
us.
» Fix: let Wo = Span{ui,u2}, and let s
uz = (vs3)w, = vs — Proju, (us).
» By construction, u; - us = 0 = us - us y

because Wso L us.

Check: /
wu =0/
wou=0y/







The QR Factorization

Given an m X n matrix A = [t} U2 ... U], such that ¥y, s, ..., v, are
linearly independent. Then, we can factorize A as _
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The QR Factorization

Given an m X n matrix A = [t} U2 ... U], such that ¥y, s, ..., v, are
linearly independent. Then, we can factorize A as

A=QR

Finding Q: Let Q = [i & ... ]

To find ¢1, @5, ..., g, we use G-S on the vectors vy, vs, ..., U,, then
make them orthonormal by dividing each ¢; by its magnitude.

Finding R: A = QR = multiply both sides by QT
— QTA=QTQR = R=QTA
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