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Exercise Consider the matrix:
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o Calculate the four fundamental subspaces RQF = U
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Exercise 1. all the possible rank of é b y Jout JQFF

1 1
3 3 a
L a_

when a varies.

2. all the possible rank of

(1 3 a
3 1 a
L a a-

when a varies.
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Exercise 1. What is all the possible rank of
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when a, b, ¢, d varies.

2. When is A invertible?
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Exercise For which b = | by | are there solutions to Ax = b, where the matrix A (
b3

O N =
SN =
— W
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For those b, write down the complete solution.
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Exercise Calculate the inverse matrix of M =

—_ =

W DN =

=N =
~

Use elmination start from [M|I] to [I|M~!]

R2 <+ R2-R1

111100\ g ps_pm (111 1 00
MI]=|1 2 2 | 01 0 01 1 ] =110
134|001 023 ] -101

Use R1 to ellimate the column 1 in R2 and R3
Rl «+ Rl1-—-1-R2

R3 « R3—2.R2 (L 0 0 | 2 —-10
011 ] -1 1 0 1)
001 ] 1 -2 1

Use R2 to ellimate the column 2 in R1 and R3

Rl < R1-0-R3
R2 +— R2—-1-R3

Thus

Check if MM~ is idenity! equal to check
o (L11)-(2-21)=1,(1,2,2)- (2,-2,1) =0, (1,3,4) - (2,-2,1) = 0
o (1L1,1)-(=1,3,-2) = 0,(1,2,2) - (~1,3,-2) = 1, (1,3,4) - (~1,3,-2) = 0
o (1L1,1)-(0,—1,1) = 0,(1,2,2) - (0,~1,1) = 0, (1,3,4) - (0, ~1,1) = 1



s} dim (Nl (AY) =
- din (RA0AY) = n-V=5_y =3

n~ C\KW /UA Uﬂ

) Xi - Xv +ree brables o l\ul(A)" Q‘)\u}'

@ Ac 'RM'xn clfW\[ row( A)
nN=10T # \braSles

ed—-»0
e N
o—oo

- 0 1 -1

buf T mey mot Kmw m HE 2 0 0 dim (row (A) =

1. The complete solution of linear system Az =bis ¥= |3f-+x1 | 2 | +22 | 0 |, then dim(col(A)) =3
1{e -1 1
o |1 0

Yes, A have 5 column (n = 5). For we have 2 free variables, thus dim(Nul(A4)) = 2 So rank r =
n—dim(Nul(4))=5-2=3 ) . ~
We donf fnow | nul (AY) )
be use e dont khow M

2. There exist a matrix A whose column space is spanned by (\1/,2@ and (1,0, 1)and whose nullspace is
spanned by (1,2,3,6) RY > 2 Sm

No. The dlmenslons of such a%natrix must be 3 by 4 (m = 3 and n = 4). The dimension of the column
space is 2, because the given vectors are independent. That means the dimension of the nullspace must be
4 — 2 = 2. The null space cannot be spanned by 1 vector.

AeR™M™  acipt dmlelB)so b Fudareatel  Thon
3. thim { nu] (S pacey ) =1 d*”‘[f[ ) die{w)) mp=g.
/

e For a matrix A € R**5, the largest possible rank of A is 5. No, rank< m, rank < n

e For a matrix A € R there are possibility that linear system Az = b have one and only have
one solution. No, rank < 4, so this can’t be a full column rank matrix, dim(Nul(A)) can’t be zero.
Futhermore, this linear sytem must have infinite solution. Because this is a full row rank matrix, thus
the system at least have one solution.(row(A) = R*)

e For a matrix A € R**® rank(A) = 4. There are possibility that linear system Az = b have one and
only have one solution. No, same as above. dim(Nul(4)) =1

e For a matrix A € R**3 rank(A) = 3. There are possibility that linear system Az = b have one and
only have one solution. Yes, this is a full column rank matrix, so Nul(4) = {0}
=) ust Mte ifierey Sy |

e For a matrix A € R**5 rank(A) = 4. There are possibility that linear system Az = b have no solution.
No. This is a full row rank matrix, so dim(@ O‘V(A)) =4 and Ca‘r( A) C R%. This means m%z =R%
Every system Az = b must have a solution. dim (“\4\ (A) ) =' D Mie 0 or i‘e('—?cn«"f‘e, tolotonn

e For a matrix A € R4 rank(A) = 4. There are possibility that linear system Az = b have no solution.
Yes, this is because this is not a full row rank matrix.

/

oY = AX" and A is an invertible matrix, then rank(Y’) = rank(X). Yes,because Y = AX so rank( ) < B
fank(X). For A is invertible matrix, so X = A~'Y which tells us rank(X) < rank(Y). ThF only
ﬁossibli\t,"y is rank(Y") = rank(X) S
| v - / o k[ AB) £ Rnk (A ,
Soxell e o mu EOD) cpar@®) o ) Reely)
N-CA D . o
1= LA Ala ] Pk 1) =t [<(CAYY) < panty)
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1. The complete solution of linear system Ax = bis ¥ = Zli —hacl/ 31 +a;/ ? , then dim(col(A)) =3 )
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Uhed J¢ N 2 N=5 n A Wplo
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2. There exist a matrix A whose column space is spanned by (1,2, 3) and (1,0, 1)and whose nullspace is
spanned by (1,2,3,6)
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e For a matrix A € R**5, the largest possible rank of A is 5. No fonfe (A) £ ¥

e For a matrix A € R**® there are possibility that linear system Az = b have one and only have one
solution. No

e For a matrix A € R**® rank(A4) = 4. There are possibility that linear system Az = b have one and
only have one solution. No

e For a matrix A € R**3 rank(A) = 3. There are possibility that linear system Az = b have one and
only have one solution. Yes

e For a matrix A € R%** rank(A) = 4. There are possibility that linear system Az = b have one and
only have one solution. Yes

e For a matrix A € R**5 rank(A) = 4. There are possibility that linear system Az = b have no solution.
No

e For a matrix A € R%*4 rank(A) = 4. There are possibility that linear system Az = b have no solution.
Yes

o YV =AX and A is an invertible matrix, then rank(Y’) = rank(X). Yes
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We k—now an‘ (A B) < fnkA), ronke (A-Q) Yo | (B)
Ratly  ak (AX) < pnk (x) ———
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