Math 140 sections 3.1, 3.2

Sec 3.1:

1. Which of the following subsets of R? are subspaces? Justify your answer.

(a) The plane of vectors (by, ba, b3) that satisfy b; = 0.
Let B={beR?: b, =0}

0 € B (evident)

0 0
Letu=|uy | , v= v |,and a,beR
Uus U3
0 0 0
au-+bv=au | +|bvy| = | au; +bv; | € B
als bus ausy + bus

.. B is a subspace.

(b) The plane of vectors (b, by, b3) that satisfy by = 1.
Let V={veR:v =1}

1 1 2
(1) (v ]+ |we ] = va+wy| ¢ V. So, V isnot closed under addition.
V3 ws VU3 + w3
1 c
(2) c{va| = cv2| € V. So, Visnot closed under scalar multiplication.
V3 CUs
0
(3) (0] ¢V.
0

Any one of these is sufficient to show that V is not a subspace.
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(c) All combinations of two given vectors (1,1,0) and (2,0, 1).

First, observe that 0 is a linear combination of any two vectors, in particular the

given ones.
1 2 1 2
alall|]+b|0 +08lcll]+d]|0
0 1 0 1
1 2 1 2
=aa |1 4+ab|[0] +8c|1|+pd]O0
0 1 0 1

—_

2
= (aa+Bc) | 1| +(ab+Bd) [0
1

o

.. It is a subspace.

(d) The plane of vectors (b, be, bs) that satisfy by — by + 3by = 0.

Let U = {u € R?: ug —uy+ 3u; = 0}. Observe that 0 € U since 0 — 0+ 3(0) = 0.
Let u, v € U. Then
auy + buy
au + bv = | auy + by
auz + bus

aug + bvy — (aug + bvy) + 3(auy + bvy) = (aus — aug + 3auy) + (bvs — bvg + 3bvy)

ZG(U3—UQ+3U1>+b(U3—U2+31)1):Oa—f-Ob:O

= au+bv eU.
.. U is a subspace.
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2. The set W C R? is the set of all vectors z = (21, 72, 3) € R whose coordinates satisfy
€T, — T9 + 21’3 =0
312 — T3 = 0

Determine if W is a subspace of R3.

First note that the zero vector in R? is in W since its components verify both equations
above. Solving the system we have:

302 =5 =0 = [w5 = 313
— =3+ 23m) =0 =

So,W={x eR®:xz=1¢(-5,1,3), t € R}

-5 -5
a tl 1 + b tQ 1
3 3
) )
= CLtl 1 + th 1
3 3
)

. W is a subspace of R3
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3. (a) Show that the set of nonsingular 2 x 2 matrices is not a subspace.
Nonsingular <= Invertible
° [8 8] is not invertible and therefore not in the set.
10 -1 0 0 0 . .
° [0 1] + [ 0 _1} = [0 O]' So the set is not closed under addition.

e 0 Ll) (1)} = [8 8] . So the set is not closed under scalar multiplication.

Any one of the these is sufficient to show that this set is not a subspace.

(b) Show also that the set of singular 2 x 2 matrices is not a subspace.
Singular <= Not invertible

ool o 2=l Y]

Which is invertible. So the set is not closed under addition.

Therefore, the set is not a subspace.
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4. Describe the column spaces (lines or planes) of these particular matrices:
1 2 10 10
A=10 0 B=10 2 C=120
00 00 0 0

The column space is the set of all combinations of the columns.

1 2 1
C(A) = Span 01,10 = Span 0| p. This is a line.
0 0 0
1 0
C(B)=Spanq [0],|2]| ¢ Thisis a plane.
0 0
1
C(C) = Span 2| 7. This is a line.
0
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Sec 3.2:
1. Consider the following matrix
1 0 3 —4
A=1|-2 1 -6 6
1 0 2 -1

(a) Perform elimination on A until upper triangular matrix appears.

1 0 3 —4 1 0 3 -4
A=|-2 1 —¢ ¢ | Z2m&im 1o 4 o 9
1 0 2 -1 0 0 -1 3

(b) Identify the pivot columns (put a square around the pivots) and the free columns

(circle the whole column). What are the free variables? What are the pivot vari-
ables?

x4 is the free variable. x1, x5, and x5 are the pivot variables.

(c) Perform back substitution, writing the pivot variables in terms of the free vari-

ables.
ry+ 3x3 —4rs =0
Lo — 224 =0
—x3 + 31’4 =0
= 13 = 314, To = 224, and 1 = —9x4 + 414 = —d1y.
So,
-5
B 2
L = Ty 3
1

(d) Describe the nullspace of A.
-5

Nul(A)=Span
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2. Consider the following matrices

2 46 4
T A
2 3 5 2
(a) Compute REF(A) and REF(B). What are the ranks of A and B?
2 46 4 2 4 6 4 2 46 4
REF(A): [2 5 7 6| f2fefs-f g 1 1 o | Bt dg 1 1 2
2 3 5 2 0 -1 -1 =2 0000
e 1232
251011 2
0000
Rank(A) = 2
|11 2 2 4| Ry-sr, |1 2 2 4| 3R |1 2 2 4
REF(B)'[38616] 3{0204} 3{0102}
Rank(B) = 2

(b) Find ColA, and describe it geometrically.

2 4
ColA = Spang | 2] .15 . A plane in R3.
2 3

(¢) Find ColB, and describe it geometrically.

ColB = Span{ (;) , (;) } A plane in R?, i.e., all of R2.
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(d) Compute RREF(A) and RREF(B).

(1 2 3 2 101 =2
RREF(A): |0 1 1 2| 228 1p 1 1 2
0000 000 O
11 2 2 4 R—2mr, |1 0 2 0
RREF(B): 010 2] [0 10 21
(e) Find NulA, and describe it geometrically.
T T = —T3+ 233‘4
101 =2
01 1 9 To -0 .T1+I3—2I4:0 $2:—$3—2(L’4
000 0 T3 To+ 23+ 224 =0 rg = free
Ty x4 = free
—x3 + 2334 -1 2
T — —T3 — 2.1'4 o -1 + —2
- s Rl o
Ty 0 1
—1 2
1| | -2 A
NulA = Span L] o . A plane in R
0 1

(f) Find NulB, and describe it geometrically.

T I = —2ZE3
1 0 2 0 To| ZL‘1—|—2£L'3:O ZB2:—2I4
{0 10 2] | =0 T oyt 2m =0 x5 = free
Ty x4 = free
—2‘%3 —2 0
| 2z | 0 -2
T = - = I3 1 + x4 0
T 0 1
-2 0
0 —2 o4
NulB = Span N . A plane in R
0 1



