Linear Algebra

Dr. Yiping Lu
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Question : A is a matrix, write a matrix-vector multiplication as the first column
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Question : A is a matrix, write a matrix-vector multiplication as the first column
Is upper triangular matrix times a upper triangular matrix still upper triangular


yiping lu
Is upper triangular matrix times a upper triangular matrix still upper triangular


Let D = . be an n X n diagonal matrix,

What is Dx?



Inverse Matrix

e Inverse Matrix Ax=b < x=A"1b

Suppose A is an n X n matrix (square matrix), then A is invertible if there exists
a matrix A~! such that

AA 1 =T and A 1A=1.

We can only talk about an inverse of a square matrix, but not all square matrices
are invertible. We will discuss such restrictions in future lectures.



Example 2 1 1 =1
=(11) e=(45)

I claim B = A~'. Check:



di1

da2
Let D = . be an n X n diagonal matrix, then

1 / doo .
D1 = . provided that d;; # 0.

1/dpn




Suppose we are given a system of m equations in n unknowns:
a1121 + a1222 + - - + a1pnTy = b1

2121 + Q99xo + -+ - + Aop T, = by

Om1%1 + AmaT2 + -+ + CGmnTn = by

This system can be written in matrix form as:

a1 a2 ... Qip Z1 b1
a21 Q22 ... Q2n Z2 bo
| Gm1 Am2 ... Amn | | Tn | i bm |
ai ai12 “ e A1n b1
in augmented form as1 Q22 ... Q9 | b2
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e [.inear combine two rows

e Permutation
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Elimination Matrices
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What does the matrix Fo; =

it acts on it?

do to the vector =

when



What does the matrix F3; =

it acts on it?

—_ O b=

O = O

o O

do to the vector ¥ =

when






Example
Solve the system of equations
T+ 2y+3z2= 6

20 — 3y + 2z 14
3r+ y— z=

|
I
N



Elimination — Summary of the previous example

1 2 3| 6 Ry — Ro — 2R, 1 2 3

3 1 -1 -2 3 1 —1
kf\ R3 = R3 — 3R1 1 2 3
y AV — —
We want these to be zero. 0 7 4
So we subract multiples of the first row. 0 —5 -—10
1 Ro < Ra 1 2 3
0 0o -7 -4
Ry = Ry + -5 12
, ANV NN
We want these to be zero. 0 ]
0 -7
It would be nice if this were a 1. 1 0 —1
We could divide by —7, but that 1 = {1 — 282 0 1 o
. . ANV
would produce ugly fractions.
0o -7 -4
Let’s swap the last two rows first. Rs = Rs + TRy 1 0 =1
0 0 10
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—20



1 0 |—=1} =2 R3 = R3 = 10 1 0 -1 -2
0 1 2 4 AV 0 1 2 4
0O 0/ 10| 30 0O O 1 3
Ry = Ri + Rs 10 071
We want these to be zero. MV 0O 1 214
Let’s make this a 1 first. 00 173
Ro = Ry — 2R3 1 0 O 1
O 0 1 3
translates into X = 1
AN Y = -9
z = 3
Success!
Check:
z+2y+3z= 6 substitute solution 1+2 (_2) +3:3= 6
3r + y— z= -2 3-1+ (-2)— 3=-2
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2e +y =38 — \;




2e +y =38 — \;




The idea of Inverse Matrices

2$1 +4CL'2 — 2%3 =2
41+ 929 — 323 =8

Consider the following system:
—2x1 — 3z2 + Tx3 = 10

Our goal is to find x1, 2, and x3. In matrix form, this system is:

2 4 =2
4 9 -3
-2 -3 7
N Y,

Y L

A T = b




The idea of Inverse Matrices

T
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The idea of Inverse Matrices

A I

U, elimination

I A1




2 4 =2 ]
Example: Find the inverse of A = 4 9 -3
-2 -3 7



















Block Matrices

0

L[ 1 1 1
o | T l1 1 1|
1

‘Block multiplication If the cuts between columns of A match the cuts between TOWS
of B then block multlphcatlon of AB 1s allowed

4 by 6 matrix 4 —
2 by 2 blocks -

0
1
0
1

O - O -

0
1
0
1

O - O -

1
0
1
0

o m| Az1 Az || B2 - 9421311+A22321 RS



Example 3

Columns
times
I'Ows

—_— I | — - bl - — -
a an = | aihy +---+a,by,
- l ' — _"_ bn - - -—
/'rlcl r1C2 T1Cp
r2C1 T2C2 r2Cp
AB: : (Cl £ Cp)

K 'mC1 'mC2

I'mCp )

(Important special case) Let the blocks of A be its n columns. Let the
blocks of B be its n rows. Then block multiplication A B adds up columns times rows:

(2)



1 0 O
One at a time E)xy=1|-3 1 0 and Ej3; =

Block
elimination

Elimination by Block

0 0 1
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01. E =
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