
Lecture 21
Introduction to Linear Transformations

Linear Algebra

Dr. Ralph Chikhany



Strang Section 8.1 – The Idea of  a Linear Transformation 
and Section 8.2 – The Matrix of  a Linear Transformation

Course notes adapted from N. Hammoud’s NYU lecture notes.



Linear Transformations



What is a Linear Transformation?

}
can combine :

TCCÑ + d3) = CTCÑ ) + dtcw)



Examples
⇐ TED -1%1+13=1:]

⇔tE;?¥⇒%⇒≈[iv. +v7 }Tl⇒+T⇔~ '

= [
v. +V2 +201+02]
Net v1

Ñ :(%] ⇒ 1- (5) = [201+02]① I

~ , + w ,
] ⇒ 1-(8+8)=[26447+(02+02)] =[2Vi+2w

, -
shrew]

Ñ + J = [ ' + ° '

µ , -(w ,)
→ ltwi

Thus Tfi + Ñ] = T /⇒ +This] = [201+02+24+02]V1 +WI



Examples
ee TED = [1-1+1]=1: :]

⇔
+ E) =p
""]V1

a- = [{Ii] ⇒ TEST :[
zoo""] =

c. [
~ ' "2) = ctfu)V1

cvi

✓

Yes ,
T is linear



Examples
Note : this transformation ee 1- [ I] = [ :)
represents a reflection n

about x-axis

THIEDE] = T [
ca + do ,

Co2 c- dwz]
4%3+1:D = [

" ' "" ] = [%,] + [%:D
-
CNI - dWZ

= c. [In] + d [%)
= a TCP] + d TCE]

.

T is linear

EFY :
what if 1- [≈ :) =/? :?) ?



Examples
C- hint that T is not

wear .

T is not linear :

ñ -

_ [ ≈] ⇒ TIS] .- [I]

5--1 }] ⇒ +[⇒ = [ g)
} + [⇒ + TE ] -_ [¥]

ñ +5--17] ⇒ 1- fries] :(¥] ≠ [ ¥]



Application



Space of  Polynomials of  degree n
Pn : space of polynomials of degree n . (These are vector spaces)

le Pz contains all polynomials of degree 2 :

£ f-G) = 32×2+4×-7 glx) = 6×-1

BE / 4×1×2} Tx:X) 0×2+6×-11 ' )

f- G) = (-7
" %) /¥,) glx) -_ C- I 6 ° )

(
Big :{ " ✗ iii. ×?xYx5}

IPs contains all polynomials of degree
5 :

^

h(×) = ✗5- 4×3+6×2 -3=(-306-401)



Example
000-ff-f.gl#nfETF-ugltcT Tfplx)] = 5p'(×) . 1ST linear ?

EE T (x2 _ 6✗) = 5 (2×-6) = 10×-30

let pH) and qlx) be polynomials
of degree n ( pk) . qlx) C-

1Pa )

i)T[ pho] = 5 P' (x) } Tcp /xD +1-[81×7]=584×7+594×7

1- [ q(xD = 5g
' /×) rate is linear

(scalar product)

1- (pk) + of /xD = 5 (pH)+q
'

= 5(p' 1×7+81×3) = 5 p' 1×7+594×3

it) let c ER .
Then 1- (CpG)] = 5 Epix ))

'

= 5€ p
' /xD

= c[5pYxD=cT(pan]



Matrix of  a Linear Transformation



The Matrix of  a Linear Transformation

The transformation 1- (B) = AÑ is indeed linear since : (v75 EIR
"

, e.DEED

1- (of -1dB) = A(cñtdÑ
) = ACÑ c-

ADÑ = CCAÑ)td(Aw)= CTCÑ )+dTÑ)

so-anymalri-FEtransformation.ee
A = (§ ? ,) A is 3×2 , so

A represents some transformation

T : ITE → 1123 ( AI = b-
so This )= AE -

- 5)

if F- i ai -_ (E) 1¥) :|;- ✗2
so 1- [ ¥7 --1¥:*:] ⇐ 1-1%-17]



Examples

we already shoved that T is linear (a few slides ago) .
We can

find the matrix A associated with T .

We need 2 vectors
in 1122

,
as long as they are a basis /

hhlob)lhdlp

Simplest case : Pge = {epic }

Tlñ ] :'-(6) =L:o)
-

_ [④ } A=[⑥" -
standard

matrix of

T

Tcei? =T[ 7)
=



Examples

ei :(%) ⇒ tf
start (1.2-3)

+

, ,
,

,

% end 192 ,
- 3)

¥:#i.
middle ( 1,2 , - 3)



Examples

a-- (8) ⇒



Examples

es:(§ )



Examples

matrix using standard bases for
f ITE and 1123

i.e. standard matrix

check : tf;) -

_

a- (1) =/ % :& ) (1) =/%) 2-

tf &
start ( 1,213)

£÷; 7- end 192 .
- D

✗
i. jniddle (42-3)



Examples



Examples



Examples

( by the fact that a ban} for
IR
"
is fe? ,e? .es?ei]

Next , apply T on both sides of the equation



Examples

=⇐fEEÉ+ me:)

since T is linear



Examples



Examples
T : 1124 → 1123

[
V1 -24-303 ]= 3W - Zvz -2V3 +5kt

745×1
ZVI - 2h -

303

⇒ T.IR"→Ñ such that T[¥]=fu . - an -use
→{¥;]

V1 - V2 -
ZV} - V4



How to Compute the Matrix A?

If pin ( basis for the
domain ◦ft) Bout ( basis to

the

codomain of T) is not standard , then this does

not apply ( Lecture 22) .



Derivative Example
T: Pz → PI

p pyx) }
"" "^" T transforms a polynomial of degree 2

( in span { 1. ✗ni } ) to its derivative . apdgrom .

of degree I [ in span { tix })
Output basis

: Bout = { tix}
Input basis

: Bin = { " ✗ ' ×
"} "

e , .ee
"

" Ike,"

1- ( l ) = 0 =
◦ (1) + Ofx )

1- ( X ) =
① = ① ( l ) + OH

T(* ) -

_ ≤✗ = oa , +⇔,
} Matrix : d- = [86 :]

ee 1- (3×2-2×+5)=6×-2 i [869]• =

FEDE;]



Integral Example



Choose the Right Transformed Image
Cthisisa )
shear

%↑

Find Tfi] -- Ali)=(
'

◦
1) (1) =L ? )

¥ a. in general tfi:] :( ! ! )(%) :(
"

vector that

makes sense


