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Strang Section 6.2 – Diagonalizing a Matrix

Course notes adapted from N. Hammoud’s NYU lecture notes.



Diagonalization



Diagonalizing a Matrix? What and Why?
→ Ilambda

→
e-values

of A
L

lambda

a- =L: :) : a

D= (} 9) i D2 = (I 9) ;
D: (% %) . . .

= (% %)
→
since D is diagonal



Diagonalization Theorem

If a matrix is ddagonalitable ,

it does not necessarily have

n distinct eigenvalues . Diagonalitability is related to

wear independence of erects
.

Diagonalnobility
and ihvohbitity are not interchangeable



How to Diagonalize a Matrix
⇔ : A- = ? A ?

A-_ ✗ AX
"

e- values

→
✗
"

exists iff eds of ✗

are linearly independent



Why is X-1AX = Λ?
let A be a matrix with e- values Hi , Az . . - An} ( some possibly repeated)

and XP ,
XP
,

. . . /
XP the e- vectors associated with K .

>2,7. . .tn (respectively

A-✗ = A [xixz .
. - in] = [Añ Ax? - .

. Ain]
THE [a,ñ axe .

. .
inxn]

✗ A = fxixi . . _⇒ [
"
h

.

.

.

>a) = [
Idi Eda . . . ink]

= [hÑ 12×3 . . .
In⇒

so d- ✗ = ✗A ⇒ ✗
"

d- ✗ = ✗
"
✗ A ⇒ |✗"AX=A]or ⇔ A = XNX

"



Why is X-1AX = Λ?

Thus A = ✗Ni
'

> inverse of ✗

✓ I
✗ : eigenvectors A. eigenvalues ✗ and A

in column on the diagonals, store e- vector

form 0 everywhere else and e- values

in respective

( this is a factorization order

of A , aka the

diagonalizelion
of A)



Order of  Eigenvalues and Eigenvectors



Powers of  A
If A is diagondizabk , then A = ✗ AX

'

.

we get :

A:(✗AX
")(✗ AX

") = (✗A)(I (AX
"

) (matrix multiplication
is associative )

= (Xn) I (nx
"

)

= MAX
"

= ✗n' ×
"

A
"
= ✗n✗÷✗^×÷✗n×÷✗nx

"
= ✗n

"
X

'

: (
"
ii.

.

. ;)A"=Xn
↓ 3multiplications , since

Ñ can

n multiplications be easily found



Example

-

TM
1" 2ⁿᵈ :

nxn matrix →
ndist.no#Diapnditabk

!

e- values
?

check → nhheerb

Here .
A is a 2×2 matrix .

we first e- vectors independent
t.no

find the e- values
' ' not

4 /→ / = G-d) (1-4)+8IA - AI / = f-
✗ -2

n diagnalitable
=
7-86+62+8=12-84+15

p(d) = (
d- 3) (A- 5)

we have 2 distinct e-values
: 6=3 and 6=5

⇒ A is diagouditable



Example

Next , find the e-vectors
o o o)

MICA -31-7 i Nut /I, I)i( /8) ~ [
"

/
°

✗2 is free , ✗ I
= {✗2 so [¥] = iz [4,2] = C [ {] (CER)

mica-⇒ innit, 3) if } I :)-6 :| :)
✗z is free , ✗ i = ✗z so [¥] = ✗z( ;]



Example

Thus : ✗ = [ I I] ⇒ ×
"

= [i
-

i] ( using shortcut
from Lecture 16 ,

for 2×2 matrices)
×
" :[: i ] [a. G)

"

1.9-a7

thus : A = ✗mi
'
= (; :] 13 ?] % ! ,]

1¥ A = ✗mi
'
-

- [ '

,
1715 :X?

-

i] )
* In 5×-1



Example

We can now generalize A
"

= ✗ A
"

X
"

A
"
-

- fi] [ : ¥7T: :]

A
"

-

- [i :X: ⇒Ez .

:]

T.is-

Thus A
"

= (-5+215)
3h.sn

-2137+215) z(5)
¥ d-

' °

can be easily

found now .



Another Example

◦ ↳ / = ( 1-+5-0 -2.0A = (
'

◦
! ) : 1A - ✗It =/

1- d
'

C-112=0 ⇒ 4=1

we have 1 eigenvalue for
a 2×2 matrix , we are not guaranteed

diagonalizabilitg
( yet ) . we check the e-space.

! nut (d- - II) : (860/8)
* free

✗2=0

(E) = * [ 6]
le - span

is span / [D) ⇒
d- is not

diagonal'7abk

÷
generating

EFY :
If possible , diatomite vector

A :[¥ % :}] cnorz )



Similar Matrices

o



When are two Matrices Similar?

-
-

Note : .lu general ,
Freed not be diafonditabk and B need not be diagonal

-
A = MBM

-
'
⇔ B : M

- '

AM

•

Similar matrices have : same rank , same
trace . same determinant

and same characteristic polynomial (e-rates
but different eigenvectors

Mr : too
Mathes having

the same rank , same
trace .

same determinant
and same eigenvalues does

not necessarily imply that they're
similar .



Similar Matrices Have the Same Characteristic Polynomial
Let A and B be similar matrices . Then there is some matrix C

such that A = CBC
-1

char . polyn of A is IA - AI / ,
Char polyn . of B is / B-DI /

A- HI = CBC
"

_
NI H NI = ACC

_
'

I = CHI)E
'

= CBC
-
'

_
CHI ) C-

I

= C. ( BC
- '
- (AI) C-

' ) =
C. ( B - AI ) C-

\
.

Thus

1A -DII
= / CCB - AI )C

" / K / MNI = / MI /NI

=# 1B - DII tell / C-
' I = YICI

= IB - AI /


