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Course notes adapted from N. Hammoud’s NYU lecture notes.






The Minor of an Element

Let A be an n X n matrix

aip Qa2 ... ay; ... A1n
A= a;1 a;o c o iy ce Ain
_Cl,nl an2 ... a,nj P ann_

For any element a;;, the minor M;; is the determinant of the
(n — 1) X (n — 1) submatrix that does not include the row and
column containing a;;.
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Let A be an n X n matrix

a7 a2 ... ay; ... A1n
A= a;1 Q42 7% Ain
| An1  Ap2 Qnj Ann |

The cofactor of any element a;; is C;; = (—1)"*7 M;;.



Cofactor Expansion

Let A be an n X n matrix

ai;; Qa2 ... ay; ... A1n
A= a;1 a;2 7% Qin
| An1  An2 Qnj Qnn |

The cofactor of any element a;; is Cy; = (—1)"T M;;.

To obtain the cofactor expansion of any row or column of A, we multiply
each element in the row or column by its cofactor, and sum them up.

e Cofactor expansion along row 1:

a11C11 + a12C12 + - - - + a1,C1p,

e Cofactor expansion along column 2:

a12C12 + a22C22 + - - - + an2Cn2

For any n X n matrix, the cofactor expansion
along any row or column equals det A.



Cofactor Method to Compute Determinants

ailx Q12 a13
Let A = a1 a22 a23 ,then

az; azz2 ass

aix G122 Q13
_ 1+1
det A = g1 Q922 Q923 — all(_l) +

a31 a32 ass

az1 QG22
azp as2

agz1 Q23
az1 ass

ag22 Q23

+ a1a(—1)1?
az2 a33 12( )

+ a13(_1)1—|—3

= a11(a22a33 - a32a23) — 012((121@33 — a31a23) + a13(021a32 - a31a22)

1 0 3
Use cofactor expansion to compute |[—4 2 1|.
-2 0 2




1 0 3 00
0 1 0 3 O

o g

<= F o

S 8

S O

0O b 0 O




Shortcut to Compute the Inverse of a 2X2 matrix

ailz ai2

Compute the inverse of A =
a1 G22

} using the cofactor method.

A1 1 (azz —a12>
a11a22 — Q12021 \—a21 Al







This is a method that allows you to solve AZ = b using determinants.

ail ai2 ai13 Z1 b1
Suppose A = [ag1 a2 aos|,
a3l a3z Qs T3 b3
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Cramer’s Rule

This is a method that allows you to solve Ax = b using determinants.

a11 G122 Q13 1| _  |b
Suppose A= 21 Qg2 Aa923|, T = o |, b= b2
|a31 a3z a33] T3 | | b3 |

e To find z;
a1 a2 aiz| [x1 O Of |b1 a1z ais

az1 Q22 Q23 )
asy asz2 asz| |xz3 0 1| |b3 a3z ass
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Cramer’s Rule

This is a method that allows you to solve Ax = b using determinants.

a11 G122 Q13 1| _  |b
Suppose A= 21 Qg2 Aa923|, T = o |, b= b2
|a31 a3z a33] T3 | | b3 |
e To find x5
ai1 a2 ai3| |1 x1 Of |air b1 ai3
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a21 Q22 a23
asy asz asz| |0 z3 1| |az1 b3 ass
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Cramer’s Rule

This is a method that allows you to solve Ax = b using determinants.

a11 G122 Q13 1| _  |b
Suppose A= 21 Qg2 Aa923|, T = o |, b= b2
|a31 a3z a33] T3 | | b3 |

e To find z3

a1 a2 aiz| [1 0O x| |a11 a2 by
a1 Qg2 ao3| [0 1 x| |az1 a2z b2
asy asz asz| |0 O z3| |as1 aze b3
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2r+2y+z=1
(S):{ 2z +y—2=2
r+y+z=3



2r+2y+z=1
(S):{ 2z +y—2=2
r+y+z=3



