ENyu

Final - Linear Algebra
Spring 2024 - Yiping

Name: AV\SWQ“ NetID:

Please check @/ your Professor’s name:

[ Professor Yiping Lu

While you wait, please read and check M the following boxes:

[0 Unless I have extra time with the Moses Center, the time limit is 100 minutes.
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Exercise I [5 + 10 = 15 points]

Parts 1 and 2 are not related.
1. A€ R?*3 have singular value +/2,0, what is the eigenvalue of ATA+1. Is ATA+1 a positive definite matrix?

(hint: What is the size of matrix A'A+ I? How many eigenvalues you should have for this question?)
O A=uxv' ("

5 ATA<T = VIV +vV/ fr Vv oﬁb&ﬂ.,
= V(I‘TI*L)VT —_
. ) (\2 D 0
@ AAT cimilw 0 TT+LU)  @I=le oo
2
iTI= ( 0 ‘D)

2. The determinant of the matrix T U') ,
bc) X YIt1c= (:'}‘U)U'))
A= e f |
h i

o QR

equals 3. Find the determinant of the matrices below

a b c
B=2x g h i
2d—3g 2e—3h 2f —3i
N — —_— oeeee—

Explain each answer briefly. <
- 48
det (B) = & oet(C)
( O b (i
_ g R
§ x det 2d w24
a b
= @ x2x oplt {a h f]
: ) ‘ i o
4 3 2
- X 2 X -3
= -u4
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Blank scratch page.
There are more questions on this final starting on page 4.
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Exercise II [6 + 3 + 3= 12 points]

1. Consider the matrix

A=
Use Gram-Schmidt to find the factorization A= QR.
0.5 05 O 0
0.5 05 O
2. Check P = 0 0 05 05
0 O 05 05
1
3. What is the point in col(A) that is nearest to g .
\ 4
() (2
. AR | [ 2 -
— VI
\ L
3 Y N\
‘ ' ¥
— - )
R * ;
L L
b1 >

2P = AA A Q)
-$
3, [ (W y
e
<

1)
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1 2
-1 -3
-1 _-3§
\l\ Va.

is the projection matrix that project to the column space of A.

5 - 7
24 HAL &% { & A
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Blank scratch page.
There are more questions on this final starting on page 6.
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Exercise III [6 + 4 = 10 points]
hint: Parts 1 and 2 are related.

1. P is a Projection Matrix, prove P is symmetric and P? = P.

hint: If my matrix P is project to the column space of A, what is my matrix P? Can you compute P" and P?.
D Tyt (Y )
P= A (ATAVAT (
<]1Y AT
= (A (AN A

= A [ATA\“ N
:P \'L ) -
e A (ATAT ATA(ATAY A

= A LA AT AT )

2. Prove that I — 2P is an orthogonal matrix
hint: compute (I —2P)" (I —2P) using PT =P and P> =P

)’
(T ~2P)(I-2p) =(3T 2P ) [I—v/P)(

= T~ 4P+ 4p o)

=T —Up +~H3:1
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Exercise IV (5 + 3 + 2 + 3 = 13 points)
Consider the following matrices
05 S 0 0O
M[)‘NP'Q 00 0],
ijf\ U) 0 01

1. What/re the dimensions of the eigenspaces in each case?

B

o O O

1 0
01
01

o O O
S O
= O O

2. WHich one can be diagonalized?

]
E‘lger\ 0 CL )
) (l()
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oS o
o O
o = O

010 0 0
3. CheckA=|{0 0 1|andB=|0 0 | are similar by using X =
0 01 0 1

A (hint: try to use question 3)

[

4. Compute

]
3 Chek A= X BX™ (')

8/16



NYU MATH-UA 140: Linear Algebra Midterm - Yiping - Spring 2024

Blank scratch page.
There are more questions on this final starting on page 9.
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Exercise V (6 + 8 + 6 = 20 points)

01

LetA= |1 0O].

01
complete this exercise in the given order correctly to receive full credit.

1. First, find ATA and its eigenvalue(s). l' E,) é- . \

2. Then, find the matrix V. ( &, )
3. Finally, find the matrix U and then write the full SVD.

The goal of this question is to compute the singular value decomposition A = UXVT. You must

You may continue this exercise on the next page if you need more space
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Continue Exercise V here if needed.
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Exercise VI (2 x 5 = 10 points)

The SVD of a certain matrix M is below. From this SVD, give the following:

1Iv2 143 o 0 0 1/vV2 0  —1/4/2

(1/«/5 1/v/2 )(«/5 0 o) 1/V6 2/ve 1/V6
1/V/3 —1/4/3 1/4/3

1. The size of M (explain briefly)

PERY

2. The rank of M (explain briefly)

3. A basis for the Column space of M.
R
L yr

4. A basis, for the Nul space of M.
Iy (3
[ o

~([[T

.-\l ﬁ, \[ N

5. A basis for the Row space of M.
(T
10T
‘I§
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Exercise VII (10 + 5 = 15 points)

Consider the two transformations below:
e T :R?— R defined by T ((x1,%5)) = (X1 + X, X7 — 2x5,3x7 + 1)
* §:P, — P53 defined by S(p(x)) =3xp(x +1)

One is linear, prove this fully, try to write down the transformation matrix for it (10 points+5 extra credits). The other
is not linear, explain why (a counterexample suffices, 5 points).

O Not ()

@ Qb+ R) =3x (B RYOXA
= 3 (xtt) £ 3% Rlxst)
= S(p)< § ) (')
S (ep) = 3x (Cp0A) (')

= (3 xPOetr)

— cS(py) 5

— - 3 0 O

Mot b 3 ©
> 3 3 3

P O « bx + C L 9 5 \

w

=

QcP>: 3% (0(><+\)°‘+ bUc£0)€ Q)

= 3X C 00("-9(10& &) X -GCOL'%L"GQ) )
2ax ? £ (bassh) X+ (aedbedc)

-—
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Exercise VIII (5 points)

Answer one of the two below. If you submit both, your score will be their average.

2 3
1. Suppose Q= | 3 —6 |. Consider the linear transformation:
6 2

f:R2S R3S f(v)=Qv

Suppose you have any two orthogonal (i.e., perpendicular) vectors vy, v, € R%. Use linear algebra to prove that the vec
f(v1),f(vy) €R? are also orthogonal.

2. For A€ R™™ has eigenvalue A, prove A% + 2A + 31 have eigenvalue A2 + 22 + 3.
S T
Ve ® Q@ Vo =1 U s ()xD
= 0

hints: they have the same eigenvectors.

[ LWK §r'(:(\h)

i

3. Aezhx
2 CA\? 2A €3T) x=(NF 2A+1) %
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Blank scratch page.
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Blank scratch page.
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