Linear Algebra - Problem Set 3 - Solutions

Exercise I (3 x 5 = 15 points)

The following statements are false. Clearly explain why.

1. Let V = {(a1,a2) : a1, a2 € R}. Define the usual addition of elements of V coordinatewise, but define scalar multiplication
differently: for ¢ € R and (a1,az2) € R?, define c(a1,a2) = (0,a2). V is a vector space over R? with these operations.
Let 0 = (v1,v2) € V, then the property (VS5) is violated since for each ¢ € V, 17 = ¢. Here, 1 = (0, v2) # ¥, and hence
(VS5) is violated.

2. The system below is solvable as long as by = 2b; only, and the column space is a plane in R3.

1 4 2 1 by
2 8 4 T2 = b
-1 -4 =2 T3 b3

We start by writing the system in augmented form, and then we proceed by performing elimination, i.e.,

4 2|y 1 4 2 by
2 8 4| by — [ 0 0 0]b—2b
-1 -4 =2 b3 0 0 0| bg+b1
Therefore, for the system to be solvable, we must have:
bo —2by =0 = bo = 2b;
bs +bp =0 = bz =—b1
The column space is a line in R3.
1 2 0 1
3. Let A=1{0 1 1 O0]. Then the variables z2 and z4 in a vector & = (z1, z2,x3,24) € NulA are free variables
1 2 0 1
2 0 1 2 0 1
0 1 1 0/—=]o0 10
1 2 0 1 0 0 0 0

The first and second columns are pivot columns, whereas the third and fourth columns are free. Thus, the variables x3
and z4 in a vector ¥ = (x1, 22,23, 24) € NulA are free variables.

Exercise IT (3 x 5 = 15 points)

Are the following sets subspaces of R3 under usual addition and scalar multiplication defined on R3.? Explain clearly.
Note: 2 to 5 points taken off (total) if the vectors are not clearly defined and the setup/presentation of the proof is not legible.

1. W1 = {(a1,a2,a3) € R?: a1 = 2a3 and az = —7az}.
Let @ = (u1,u2,u3) € W1 = 4 = (2us, —Tuz,u3) = uz(2,—7,1) and 7 = (v1,v2,v3) € W1 — 0 =wv3(2,—7,1)

(1) U+7 = (2U3+2v3,77U377v3,U3 +v3) — U+7v= (2(u3 +v3),77(U3+’L)3),’u,3+’U3) = (U3+’U3)(2, -7, 1) e W1
(2) c¥=cv3(2,-7,1) € W1
(3) 0=(0,0,0)=(2-0,—7-0,1-0) € W

Therefore, Wi is a subspace of R3. Note that to receive full credit, you have to verify all three properties.

2. Wa = {(a1,a2,a3) € R3:2a1 — 4az + 5a3 = 3}.

3 5 3 5
Let @ = (u1,u2,u3) € Wo = 4 = (5 + 2uo — 5”3’ ug, ug) and ¥ = (v1,v2,v3) € Wo = U= (5 + 2vo — 51}3, va, v3)

5
(1) a+v= <3+2(u2+v2)— §(U3+U3)7 u2 + v, U3+v3) ¢ Wo



3 5 3 5
(2) cv=c|=+2v2— —v3, v2,v3 | = 2¢ + 2cvo — —Cvg, cva, cvz | & Wa
2 2 2 2
" 3
(3) 0=(0,0,0) # (5,0,0> = (0,0,0) ¢ Ws
Therefore, W5 is not a subspace of R3.

Here, you will receive full credit if you show that either (1), (2), or (3) are not satisfied. You don’t have to show that all
three properties do not work.

3. W3 = {(al,az,ag) € R3 : 2a1 — 4as + baz = 0}.

5 5
Let @ = (u1,u2,u3) € Wy = 4= (2u2 — 5u3, ug, u3) and U = (v1,v2,v3) € W3 = U= (2’02 — 5’03, v2, ’Ug)
IR 5
(1) @+ 7= (2(uz +v2) — §(u3 +v3), (u2 +v2), (uz +v3) ) € W3

5 5
(2) cv=c (21}2 - 51}3, va, vg) = (201}2 - 561}3’ cva, CU3) € Ws

_ 5
(3) 0=1(0,0,0) = (2-0—30, 0,0) cWs

Therefore, W3 is a subspace of R3. Note that to receive full credit, you have to verify all three properties.

Exercise III (10 points)

Find the complete solution & = &), + &, of the linear system below. Clearly label the vectors &}, and Zp.
x1 + 3xot+x3 + 224 =1
2x1 + 629 + 4x3 + 8x4 = 3
2x3 +4x4 =1

Let & = (z1,22,23,24) and solve AT = l;, where b = (1,3,1). We write the system in augmented form and then we proceed
with elimination, i.e.,

3 1 21 13 1 21 3 1 21
.2 6 4 8|3 |—=|0 0 N 41
00 2 41 00 2 4|1 00 0 00

Based on the elimination results, we can see that x2 and x4 are free variables.
Row 2: 223 =1 -4y = x3:§—2m4

1
Row 1: 1 =1 —3x9 —x3 — 234 —> 21 = 5_3$2

Thus, we can write the vector & as:

1 132, 1/2 -3 0
T2| _ T2 10 1 01 _ - "
za| = %_21,4 = |12 + x2 0 + x4 9 =Tp + Tn,
T4 24 0 0 1
where
1/2 -3 0
- |0 _— 1 0
Tp = 1/2 and T = x2 0 + x4 9
0 0 1
-3 0
- . . 1 0
Z ¢ NulA, since T # ¢1 0 +co _9
0 1



Exercise IV (5 + 5 + 10 4+ 10 = 30 points)

Let

1 2 3 1

A=12 2 2 4

4 6 8 ¢

1. Find the matrix R, the row echelon form of the matrix A:

2 3 1 12 3 1 1 2 3 1
2 2 2 4/ — [0 [-2] -4 2 | —]0o 2 -4 2
4 6 8 ¢ 0 -2 -4 c—4 0 0 0 c—6

2. What value of ¢ gives A a different rank compared to all other values of ¢? What are the ranks in both cases?
When ¢ # 6 there are three pivots and the rank is 3, while when ¢ = 6 there are only two pivots and the rank is 2.
3. For each case, find the column space of A.
The row echelon form is different in these two cases:

1] 2 3 1
(i) e=6: R=1 90 —4 2| . Then, there are two pivot columns: the first and second. Hence,
0 0 0 0

ColA = span 2 2

'S
=

2 3 1
(i) ¢c#6: R= [’ —4 2 | . Here, we have divided the last row by ¢ — 6 to get a pivot of 1. Then, there
0 0 0

are three pivot columns: the first, second, and fourth. Hence,

1 2 1
ColA = span 2(,12], (4
4 6 c

4. For each case, find the nullspace of A.

(i) ¢=6: We solve AZ = 0, which in augmented form (and after elimination) gives

1 2 3 110
0 -2 —4 2|0
0 0 0 010
Row 2: 9 = —2x3 + x4
Row 1: 1 = —2x9 — 323 — x4 = x3 — 314
Thus, we can write the vector & as:
T T3 — 314 1 -3
To| | —2m3+ 74| _ —2 1
x3| T3 =T T 0
T4 T4 0 1
Therefore,
1 -3
NulA = !
ulA = span 1 0
0 1

(ii) ¢ # 6: We solve AZ = 0, which in augmented form (and after elimination) gives

1 2 3 110
0o -2 —4 2|0
0 0 0 1]0



Row 3: 24 =0
Row 2: o = —2x3
Row 1: 1 = —2x9 — 323 = x3

Thus, we can write the vector ¥ as:

1 3 1
ro| | —2z3| -2
r3| T3 =3 1
T4 0 0
Therefore,

1

—2
NulA = span 1

0

Exercise V (10 + 4 x 5

Let

30 points)

1 -2 0 -1 3 1
A= 2 -4 1 0 4 2
-3 6 0 3 -9 -3

1. Determine a basis for the nullspace Nul(A). Work carefully, since you should use this part to answer 2., 3. and 4.

-1 3 1 —2 0 -1 3 1
0 4 2|=]o o [1] 2 -2 0
3 -9 -3 0 0 0 0 0 0

The first and third columns are pivot columns, whereas the second, fourth, fifth, and sixth columns are free. Thus, the
variables x2, x4, x5, and z¢ in a vector & = (x1, 2,23, T4, x5, 26) € NulA are free variables.

To find the nullspace, we compute AZ = 0. In augmented form, this gives

1 -2 0 -1 3 110 1 -2 0 -1 3 1]0
2 —4 1 0 4 2|10 | —=1|0 0 1 2 -2 010
-3 6 0 3 -9 =310 0 0 0 0 0 010
Row 2: z3 = —2x4 + 2x5
Row 1: 1 = 2x2 + x4 — 325 — 26
Thus, we can write the vector ¥ as:
T1 2x2 + x4 — 3x5 — T 2 1 -3 —1
T2 T2 1 0 0 0
T3 | —2x4 + 275 o 0 -2 2 0
za| = 24 =2 | txa| | +Ts 0 + e 0
5 5 0 0 1 0
T6 Te 0 0 0 1
Hence, a basis for NulA is given by
2 1 -3 —1
1 0 0 0
3 o 0 -2 2 0
NulA — ol 1 5 0 3 0
0 0 1 0
0. 0 0 1



2. From the information in Part (a), determine the dimensions of the four subspaces Nul(A), Col(A), Col(AT) and Nul(AT).
dim(Nul(A)) =4
dim(Col(A)) = 2
dim(Col(AT)) =2
dim(Nul(AT)) =1

3. Find a basis for the column space, Col(A).

The first and third columns are pivot columns, so a basis for the column space of A is given by

1 0
Bcola = 21,1
-3 0

4. Find a basis for the row space, Col(AT).
We can see in REF(A) that both the first and second rows have pivots, hence a basis for the row space is

1 2
-2 —4
0 1
BeolaT = 1110
3 4
1 2

5. Find a basis for the left nullspace, Nul(AT).

To find the left nullspace, we compute AT Z = 0, where T = (z1,x2,23). In augmented form, this gives

9 3]0 1 2 -=3]0 2 -3]o0
2 4 610 0 0 010 0 0 010
o 1 ojo|_|o0 ojo || o 00
—1 0 310 0 2 010 0 0 010
3 4 —-91]0 0o -2 0|0 0 0 0|0
1 2 =210 0 0 00 0 0 0|0

Notice that the first and second columns are pivot columns, whereas the third column is free. Hence, x3 is a free variable.

Row 3: 22 =0
Row 1: ©1 = —2x2 + 3x3 = 3x3

Thus, we can write the vector ¥ as:

1 3z3 3
zo| = 0 =ux3 |0
T3 T3 1
Hence, a basis for NulAT is given by
3
BNulaT = (1)



