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Let K = {z € RY: Az > b} be a bounded full-dimensional poly-
tope with m inequalities. For targets on K with density proportional to
exp(—ﬁTx), we prove a 6(d2) bound, measured in Markov chain iterations,
for the chi-square mixing of the 1/2-lazy Metropolis Dikin walk based on a
polylogarithmically rescaled Lee—Sidford metric. The estimate holds for ev-
ery initial law with finite chi-square divergence. The proof controls the re-
verse Gaussian proposal through a quantitative average self-concordance es-
timate at the required O(1/d) scale. We establish this estimate from uniform
analytic derivative bounds for the Lewis-weight subspace and an all-order
projection-weighted contraction inequality for Gaussian chaoses. For order j,

the latter bounds each base-point polynomial at scale @i/ 2, up to j-dependent
and logarithmic factors. Truncating at logarithmic order then absorbs the re-
maining pathwise loss. This resolves, in the affirmative, the open groblem
of whether the Gaussian Lee-Sidford Dikin walk mixes in O(d“) itera-
tions: the previously stated quadratic bounds [22, Theorem 1.4], [8, The-
orem 1.2] rest on reverse-proposal steps identified as unresolved in [15,

Section 1], whose 6(d9/ 4) bound was the best rigorously established rate
prior to this work. The proof is found by ChatGPT 5.6 Pro. The author
verified the proof and promised to fine-tune the draft later.

1. Introduction. Interior-point geometry supplies affine-invariant local coordinates for
both optimization and sampling. At its current point, a Dikin walk proposes a Gaussian in-
crement with covariance proportional to the inverse of a barrier metric and then applies a
Metropolis correction. The metric adapts to the boundary, but the same state dependence
creates the principal probabilistic difficulty: the reverse Gaussian proposal is evaluated in a
random metric at the proposed point.

The logarithmic-barrier Dikin walk has an iteration bound depending polynomially on
the number of inequalities [14, 31, 34]. Lewis weights originate in functional analysis [28],
became algorithmic row-sampling and barrier tools [4, 25, 26], and subsequently entered
local sampling geometries [3, 22]. We ask whether the resulting Lee—Sidford local-metric
chain has a mixing bound quadratic in the ambient dimension, up to logarithmic factors.

1.1. Problem setting and main results. Let K = {x € R%: Az > b} be bounded and full-
dimensional, where A € R™*? has full column rank and no zero row. The target distributions
are

(1.1) mo(de) = Zy e VP 1 (x)de, I ER?,

and include the uniform distribution when ¢} = 0. For probability measures p < 7, write

2 dp ?
(1.2) X () :—/<d7r— > dm
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Thus finite chi-square divergence is exactly the condition dyu/dr — 1 € L?().
Given a local metric g and a proposal radius o > 0, write

Q3. = fgm—l) |

The Metropolis Dikin kernel, with the usual Metropolis—Hastings correction [10], proposes
y ~ Q2(x,), rejects unless y € int K, and otherwise accepts with probability

7o (y)qy(z) B det(g(z))'/? d
(13) A %MD—(%wyﬁwg@®<—2§”y—x@wﬂ'

The 1/2-lazy version stays at its current state with probability 1/2 and otherwise applies this
kernel.

The precise question is whether a polylogarithmic rescaling of the Lee—Sidford metric,
together with a dimension-independent proposal radius, makes this lazy kernel mix in 5(d2)
iterations, uniformly over 1, from every initial law whose density belongs to L?(7y). The
obstruction is not the forward Gaussian proposal itself but the random quadratic form in
its reverse density. We must control that form at scale O(o?/d) with high probability and
then obtain overlap of the accepted densities, without assuming a function whose Hessian is
comparable to g. The following quantitative average self-concordance condition isolates the
required probabilistic input.

DEFINITION 1.1 (Quantitative average self-concordance). For a metric g and ¢ € (0, 1),
its quantitative average self-concordance (ASC) radius R.(g) is the supremum of radii r > 0
such that, for every z € int K, every 0 < s <7, and 2z ~ N (z,s%g(z)"1/d),

2e52

(1.4) ]P’(

2 2 .
12 =zl — 12 = 2[5 | < , ZE]HtK) >1—e.

The ASC condition in [16] is one-sided and does not place an absolute value around the
metric discrepancy. Definition 2.1 of [15] makes the two-sided event and the interior conven-
tion explicit. We adopt those two conventions and package the dependence on ¢ by introduc-
ing the maximal admissible radius R.(g). Only the one-sided implication is needed in the
mixing reduction; the argument below proves the two-sided form.

THEOREM 1.2 (Quantitative average self-concordance). There are universal constants
Cascs Casc > 0 such that for every p > 4 and every ¢ € (0,1/4), the baseline ¢y, Lee—Sidford
metric gg defined in (2.2) satisfies

_ 2(m+d+1)) =
(15) RE(QO) > rei= CaSCE?)p Cose (1 + IOg (6)> .

The same constants work uniformly for all m,d,p,e, A, and b.

Set

1
(1)  pmi=4+2l0g2m),  An:=(1+pp)(L+pm), 0=
and define

R , 2 d+1)\ = _
(L7) 7ry:= mln{l, cascsgp,_nc“c (1 + log (mto_'—)> } v Lmd = ATy 2,
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THEOREM 1.3 (Quadratic mixing in Markov chain iterations). Let gg be the baseline
metric defined in (2.2), with p = py,, and set g, = Ly, 4g0. There is a proposal radius o, > 0,
depending only on universal constants, such that for every target (1.1), every g << my with
X2 (pol|m9) < oo, and every § € (0,1), the law ur of the 1/2-lazy walk after any integer
T > 0 satisfies x*(ur||7y) < § whenever

2
(1.8) T > Cd* Ly 10g<1+X(5M0Hm> .

Moreover, L, q = polylog(m,d).

Theorem 1.3 counts Markov chain iterations only. It excludes the cost of computing exact
or approximate Lewis weights [4, 6] and makes no membership- or evaluation-oracle com-
plexity claim. No affine rounding of K is required. The sole initialization condition is finite
chi-square divergence. In particular, if dug/dmy < M, then 1 + x%(ug||7y) < M, so the
displayed bound is Cd? Ly, 4log(M/9).

1.2. Prior work and scope.

Barrier metrics for local sampling.. For a polytope with m inequalities in dimension d, the
logarithmic-barrier Dikin walk has a 5(md) warm-start iteration bound for uniform sampling
[14, 34]; Narayanan extended the barrier-based viewpoint to more general convex sets and
randomized interior-point methods [31]. Lewis weights originate in Banach-space geometry
[28]. Their algorithmic computation was developed in [4, 6], while approximate John and
Lewis-weight barrier constructions for linear programming were developed in [25, 26]. These
weighted geometries were subsequently used to construct local-metric sampling algorithms
[3,22].

Chen, Dwivedi, Wainwright and Yu proved that the Vaidya walk mixes from an M-
warm start in O(m!/2d3/2) iterations [3, Theorem 1]. Under the additional condition m <
exp(v/d), their Gaussian walk based on approximate John weights has mixing time 5(d5/ )
[3, Theorem 2]. They conjectured a 5(d2) bound for a differently scaled improved John
walk [3, Conjecture 5]. These results concern the uniform law, total-variation error and an
M -warm initialization. Our kernel instead uses the ¢, Lee-Sidford metric, treats every ex-
ponential tilt, and proves chi-square contraction from every finite-chi-square initial law; it
therefore does not resolve the improved-John conjecture. The exact John-ellipsoid walk of
Gustafson and Narayanan is a distinct algorithm: it samples uniformly from the maximum-
volume ellipsoid of the symmetrized body and has a 6(d7) warm-start bound [9].

Quadratic Lee=Sidford claims and the reverse proposal.. Laddha, Lee and Vempala stated a
O(d?) bound for their Lee-Sidford Dikin walk [22, Theorem 1.4]; their proposal is uniform
on a local ellipsoid rather than Gaussian. Gu et al. stated a robust Lee—Sidford bound

5((d2 +dL?R?)log %)
for an L-Lipschitz potential on a body contained in a radius- R ball, from a w-warm start
[8, Theorem 1.2]. Kook [15, Section 1] identifies unresolved reverse-proposal steps in the
published proofs of these bounds: in the former argument the current point must be controlled
in the reverse Dikin ellipsoid, while the proof sketch of [8, Lemma D.5] does not establish
the O(0?/d) quadratic-form scale required by average self-concordance. We therefore record
these bounds as previously stated results but do not use them as inputs. This issue concerns
only the reverse-density estimate; the SSC, log-determinant convexity and symmetry lemmas
from [22] remain independent inputs below.
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For the same Gaussian Lee—Sidford Dikin chain considered here, the recent preprint [15,
Theorem 1.1] proves average self-concordance after a 9] (d'/*) metric rescaling and obtains
6(d9/ 4) iterations for exponential targets. It also introduces the selective higher-order expan-
sion, moving orthonormal frames and Wiener-chaos organization used here, and observes
that order-k estimates would lead to exponent 2 + 1/(k + 1) [15, Section 1.3]. Our contri-
bution is to supply all-order analytic frame and contraction estimates, allowing the rescaling
loss to be reduced to polylogarithmic size.

Other local-metric samplers.. Jiang and Chen prove O(md + kd) iterations for the soft-
threshold Dikin walk and O(d%/2 + kd) for their regularized Lewis-weight Dikin walk, in the
notation and under the conditions of that work, with extensions to weakly log-concave trunca-
tions and beyond-worst-case bounds [13]. Gatmiry, Kelner and Vempala analyze Riemannian
HMC using a hybrid of the Lewis-weight and logarithmic barriers and obtain 5(m1/ 344/ 3)
mixing for polytope sampling [7]. These are different kernels, and their complexity expres-
sions are not directly comparable to the iteration-only bound proved here.

Oracle samplers and global geometry.. For a convex body specified by a well-defined mem-
bership oracle Bi(zxg) C K C Bp(xg), the restart version of In-and-Out, initialized from an
M -warm law, achieves for every g > 2 a finite-order Rényi guarantee using

op’

- 1
O<quQAlog6 ) , A= ||covr||
€

expected membership queries [20, Theorem 3 and Corollary 4]. For an arbitrary log-concave
density m o< e~V given by an evaluation oracle, [19, Theorem 1.1] assumes

B(0,1) C{z:V(x) —inf V < 10d}, M, :=|| dﬂo/dﬂ'HLq(ﬂ_) <10,
and gives O(gd2Alog®(1/¢)) expected evaluation queries, where

q> max{Z, ﬁ(log(dQAlOg(l/e)))} :

Algorithmic diffusion and its subsequent cold-start improvements are developed in [17, 18].
Lee and Vempala prove an 0(\/@ Poincaré bound for isotropic log-concave measures and
derive a 6(d5/ 2) warm-start bound for the ball walk [27]; this is global Euclidean isoperi-
metric context, distinct from the local barrier geometry used here.

These oracle results concern different algorithms and include global normalization and
covariance parameters. Our result instead counts iterations of an affine-invariant local chain
given an explicit inequality description, requires no global rounding, and excludes the arith-
metic cost of computing the Lee—Sidford metric. It is therefore neither an oracle-complexity
comparison nor a claim to be the first quadratic-dimension sampler for general log-concave
targets.

1.3. Proof strategy and contributions. The proof first closes the abstract mixing bridge
for the present linear targets. Lemma 2.2 works directly with the common accepted density,
rather than with two separate rejection estimates. It constructs good events for both starting
points, controls the covariance and displaced-mean terms in the comparison of g, and g,
intersects the events with a common target halfspace, and keeps the interior condition ex-
plicit. This is the step that removes the function-counterpart hypothesis used in the general
framework of [16].

The ASC proof then follows the higher-order route of [15, Sections 1.2—-1.3 and 3]. That
work introduced the selective bottleneck recursion, moving orthonormal frames, and the
Wiener-chaos organization, and showed how fixed-order estimates improve the dimension
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exponent. Our additions are uniform analytic frame jets, an all-order projection-weighted
Wick-contraction theorem, and a logarithmic-order summation of the selective recursion.
Here H; is the jth bottleneck polynomial defined in (3.5), and p, < p~3 is the analytic radius
in (4.29). A direct pathwise bound gives |Hy(t)| < d°/2, whereas at the base point we prove

(1.9 [[Hy(0)]| . <p®Dd?,  [[H;(0)]| 2 <p*(CH)p, UV (d+ )2 (5 >2).

The natural d//2 scale is used only over the logarithmic range of j required by the proof.

The raw-to-Wick expansion, chaos orthogonality and product formula for multiple Wiener
integrals are classical [12, 32, 33]. Our new probabilistic input is a projection-weighted
contraction estimate adapted to a Parseval frame. If UTU = I;, P = UU" and W =
Diag(diag P), then

P=I,, — W'PPRw 22, Y wi=d

The first two identities control the zero and one contractions. After » Gaussian traces, the
double contraction has size d"t1d("=2"=2)/2 = q"/2_ avoiding the extra factor d'/2. This
is a standalone weighted Gaussian-polynomial statement under projection and relative-row
hypotheses, not a theorem for arbitrary weights.

The proof follows one dependency chain. Proposition 2.4 reduces Theorem 1.3 to strong
and lower-trace self-concordance, symmetry, and a dimension-free ASC modulus for the
scaled metric. Propositions 2.5 and 2.6 verify the deterministic hypotheses, so the main task
is Theorem 1.2. Lemma 3.1 decomposes the metric discrepancy into base-point terms, con-
trolled path terms, and one terminal remainder. Theorem 4.8 supplies all-order derivatives of
N ; together with Theorem 5.1, it yields the base-point estimate in Theorem 6.2. Lemma 7.3
controls the remaining path terms, and Lemma 7.4 chooses a logarithmic truncation order
that absorbs the terminal v/d loss. Lemma 8.1 and Proposition 2.4 then complete the proof
of Theorem 1.3.

Notation.. Unless a subscript indicates otherwise, vector norms are Euclidean. We use
[[lops [I*[l¢» and ||-||yg for operator, Frobenius, and Hilbert-Schmidt norms, and ||uH£2](m) =

uTg(m)u for a local metric norm. The symbols drv and Dkr, denote total variation distance
and relative entropy. The identity on R” is Ij; u" is transpose; Diag(u) forms a diagonal
matrix and diag(M ) extracts its diagonal; and M°? = M o M denotes the Hadamard square.
For symmetric matrices, B < C' means that C' — B is positive semidefinite. The derivative
DF¥F(z) is viewed as a symmetric k-linear map. We write X <Y for X < C'Y with a uni-
versal C, and X <Y when both comparisons hold. Matrix trace is tr; the iterated tensor
trace Tr is defined in Section 5. Constants C', ¢ > 0 are universal and may change from line
to line. Finally, polylog(m, d) denotes a quantity bounded by Cy(1 + log(m + d + 1)) for
universal Cy, C7 > 0, which may differ between occurrences.

2. Lee-Sidford geometry and the mixing reduction. This section fixes the Lee—
Sidford metric, proves the abstract accepted-density overlap and conductance reduction, and
then verifies the deterministic Lee—Sidford hypotheses. The remaining random input, quan-
titative ASC, is proved in Sections 3—7.

2.1. The metric and Lewis calculus. Let
K={zeR%: Az > b}
be bounded and full-dimensional. For = € int K, define

S, = Diag(Axz —b), A, =S tA.
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Fix p > 4 and put
1 1 2 2
B==—-, a=20=1—-—, cp=1—-.
2 p p p
The /4, Lewis weights w, € R, are the unique positive vector satisfying [26, Section 5]

2.1) we = diag(WfAm(AIngﬁAx)_IAIWf> . W, =Diag(wy).
The baseline Lee—Sidford metric is

22) gol(w) = A WP A,

Set

(2.3) Pp=W]Apgo(z) T ATW), A=W, — B,

where P°2 = P o P, and define

(2.4) Np =W YPA W2 Ny =2A,(1 —cpA,) "t

The standard Lewis identities [15, Section 2.2] give

m
(2.5) PP =W, 0=A,=I,  O0=XN,=pl, > wy;=d.
=1

LEMMA 2.1 (Analytic Lewis weights in logarithmic coordinates). The map x — £, :=
log w,, is real analytic on int K. More precisely, for £ € R™ set

W (0) = Diag(e™,...,e"),  B(z,0) =W(()P A,
and
P(z,0) = B(x,0)(B(x,0) " B(x,0)) ' B(x,0)".
In a neighborhood of (x,¢,), define
(2.6) L(x, ) :=1—logdiag P(x,{).
Then L(x,{;) =0, and, at a solution,
DoL(x,ly) =1 —c, W, A,
(2.7) =W, V(I — e, Ay )WY,
In particular, this Jacobian is invertible, with

2.8) (DeL(x,0,)) " =W V(1 - ¢pA,) " W2,

PROOF. Every row of A, is nonzero, so every diagonal entry of P(z, /) is positive. Thus
(2.6) is real analytic wherever = € int K and ¢ € R™. We compute its weight Jacobian. If a
full-column-rank matrix B varies according to B = Diag(z) B, then its orthogonal projection
P = B(BTB)"'BT satisfies
(2.9) P = (I — P)Diag(z)P + PDiag(z)(I — P).

Taking diagonal entries gives

(2.10) diag P =2(W — P°?)z = 2Az, W = Diag(diag P).
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For a variation ¢ = ¢ at a Lewis solution, B = 3 Diag(¢)B. Hence
Dylog diag P(x, £x)[¢] = 28W; ' Aol = ¢, W5 ' AuC,

which proves (2.7). Since 0 < A, <Tand1— cp= 2/p>0,1— cp/_\;,; is positive definite.
This proves (2.8).

The real analytic implicit-function theorem [21] now produces a unique analytic solu-
tion branch near every x € int K. The positive Lewis weights are unique, so any two local
branches agree on their overlap. These branches therefore patch to one real analytic map on
int K. O

For r € R, write Spr = Agr and vy, = W; / 23;,;7,,. Differentiating (2.6) also recovers the
Lewis derivative identity. Indeed, at fixed £ one has D, B[r] = — Diag(s,) B, so (2.10) gives

(I — Wy Ay) Dl [r] = —2W,; ' Aysy .
Using (2.8), the commutativity of A, and (I — c,A;)~!, and (2.4), we obtain
Dlogwy[r] = —Wx_l/zszmm

2.11) DW,[r] = — Diag (W;/ 2J\rm,r) .

Existence, uniqueness, strict positivity and the first-derivative identity are part of the Lewis-
weight calculus in [26, Section 5, in particular Lemma 24]; the notation and the bounds in
(2.5) are recorded explicitly in [15, Section 2.2].

2.2. Abstract local overlap and mixing reduction. For reference, a C? metric g is
strongly self-concordant (SSC) if, for every = € int K and h € R4,

lo@2Dg@)mlg@) 2| <21ihllyq
and lower-trace self-concordant (LTSC) if, for the same x and h,
tr(g(x) " D?g(x)[h, h]) = = |[B]5 0 -

The SSC inequality also implies the usual matrix self-concordance inequality because the
operator norm is bounded by the Frobenius norm. It is #-symmetric when

Dy(x,1) CK N (22 — K) C Dy(z,VD)

for every x € int K, where Dgy(z,7) ={y : ||y — Jng(m) < r}. These sampling regularity no-
tions follow [16, 22].

The next lemma is the point at which linearity of the target replaces the function-
counterpart assumption in the general Dikin framework. It proves overlap through one com-
mon accepted mass and records every interior and reverse-proposal event explicitly.

LEMMA 2.2 (One-step overlap for a linear exponential target). There are universal con-
stants oy € (0, 10_2) and Coy, Cpear > 0 with the following property. Let g be strongly self-
concordant and lower-trace self-concordant, and suppose that R._,(g) > a for some a > 0.
Put

0<po<cow(lAa).

Forevery ¥ € R% and = € int K, let P, be the one-step non-lazy Metropolis Dikin law started
at x, with proposal N(x,0?g(x)~'/d) and target Ty o e_ﬁTle(:U). Then, for all x,y €
int K,

2.12) o=yl <

Cnear 0

Vd

—  dpy (P, P,) <0.8.
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The constants are independent of ¥, d, and the instance. No function whose Hessian is com-
parable to g is assumed.

PROOF. We prove the overlap directly through the common accepted density. Fix
1
=3
Take B = 16. Since E ||€]|? = d, Markov’s inequality gives, for every d > 1 and £ ~ N (0, I),

’ o = 2787 tO

(2.13) P{||€|| > BVd} < np.

We choose cq, and cpear below; all restrictions on them are universal.
For s € {z,y}, let ¢5 be the density of

0
N<s, dg(s)l) , Ug =2 — 8,
and set ¢ = % logdet g. For z € int K, the logarithm of the Metropolis ratio from s is

— 1o 7719(2)(&(8)
Ag(z) =1 771_79(8)%(2)

d
(2.14) = T +6(2) = 6() = 55 (sl ~ usllye) -

We first construct a good event for each starting point. The restrictions below impose
Cov < 1, 0 o < a. The set of admissible ASC radii is downward closed; hence Definition 1.1
applies at radius p and gives an event

< 2<€0vQ2
- d

A= {z cint K+ [l — l

such that
(2.15) qs(AS) < gov-

On A, the final term in (2.14) is at least —&y.
We next control the determinant term. Matrix differentiation gives

2.16) Do(w)[e] = 5 tr(g(w) ™ Dy(w)lv]).

D(w)[v,0] = § tr(gw)~ Dg(w)[v, ]

1 2
2.17) -5 Hg(w)‘l/zDg(w)[v]g(w)‘l/QHF-
LTSC and SSC imply
5
.18) D2o(w)o.t] > —o [0l D)l < VA

Indeed, the first term in (2.17) is at least — 3 ||v||§(w), while SSC bounds the second one below

by —2 Hvay(w). The second inequality follows from |tr M| < v/d || M .
Define

Noi={luslly < Bel,  Dyi={Do(s)]us] = ~to}.
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Writing u, = (o/v/d)g(s)~/2¢ and using (2.13) gives
(2.19) as(Ns) < no.

Moreover, D(s)[us] is centered Gaussian and, by (2.18), has variance at most o?. We may
therefore choose ¢, sufficiently small that

(2.20) sup ¢s(Dg) < no-
0<o<cov

On A; N N5, both endpoints of [s, z| lie in int K, and convexity places the whole segment
in the interior. Put &; = [|us||;(,). The matrix self-concordance consequence needed here
follows directly from SSC. The case u,; = 0 is immediate. Otherwise, if rs(t) = [|ts | 4 (s1-40,)»
then differentiation and the SSC bound give

|(r§)’(t)‘ < 2ry(t)3, hence ‘r;(t)‘ <r(t)2.
Since 75(0) = d5, comparison with the scalar differential equation gives, for 0 <t <1,
ds

(2.21) HuSHg(ertus) < 1— t(ss'

Impose
1 1
Bcoy < > 5B%c2 < —.
Taylor’s formula, (2.18), and (2.21) yield
1
0(2) = 0(9) = Dol = [ (1= D20(s+ tu)fus, ]

(2.22) >—562/11tdt> —562.

' = 27 o (1—1td)?
Consequently, on Gg := A; NN N Dy,

1 1

. - > —— s) < ov A

2.23) B =092 —1, 409 Seo +2m < o

Thus the two proposal-dependent terms in (2.14) are at least —1/8 on Gs.
We also record the full comparison of the two forward Gaussian densities. Set

Cnear 0
= o= vl < 2222

After decreasing cpear, We have 6 < 1/4. Integrating the SSC inequality along [z, y] gives

(2.24) (1-0)*g(z) 2 g(y) = (1= 0)"g(a).
To see this without invoking a function counterpart put h =y —x and y(t) = =+ th. The pre-
ceding scalar comparison gives |||y < 0/(1 —t3). For every fixed v # 0, SSC therefore
implies
20
—1 (t < .
S 1oETa0 0w < 2

Integration from 0 to 1 proves (2.24). Let M = g(x)~*/2g(y)g(x) /2. The Gaussian relative
entropy formula [5] is

1
@29 D) = {0 - d-toderdr + Gl =yl |

2
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Every eigenvalue A of M liesin [(1 —6)2, (1 —3)72],s0 A — 1 —log A < C§2. Hence

dé?
Dra(aallay) < € (4 % ) < Ok
Pinsker’s inequality [35, Lemma 2.5] gives
(226) dTV(Qma Qy) S Ccnear~

Choose ¢pear so that the right side is at most 1,/64. This calculation controls both the covari-
ance and displaced-mean quadratic terms.

It remains to pass from proposal overlap to accepted-density overlap. For s € {x,y}, define
the accepted density without evaluating g(z) outside its domain by

A.(2) i
ha(2) = {qs(z)(l/\e ), z€int K,

0, z¢int K,
(2.27) _ jmin {qs@a efm(z’s)qz(s)} . zcintK,
| 0, z ¢ int K.
Thus
(228) Ps = <1 — / ks(z) dZ) 6{5} + k‘s(z) dz.
Rd

Here 4y, is the unit point mass at s.
Choose s, € {x,y} so that

9Ts, = min{ﬁ'Tac, Ty,
and define the common halfspace

H:={z:9T2<97s,}.
For every z € H and s € {x,y}, =97 (2 — 5) > 0. If ¥ # 0, symmetry of the centered Gaus-
sian proposal gives g, (H) = 1/2; if 9 = 0, then H = R?. Thus

(2.29) qs. (H) = .

2
On H N Gs, all quantities in (2.14) are defined, As(z) > —1/8, and therefore

(2.30) ke(2) > e V8¢(2).
Let m(z) = min{q,(%), gy(2)}. Since m < ¢,
min{k,(2),ky(2)} dz > 6_1/8/ m(z)dz
R HNG.NG,
(2.31) > e~ 1/8 (/ m(z)dz — q.(GS) — qy(g§)> .
H
Moreover,
[ mrdsz . i)~ [ (g2 - m() dz
H R
1 1
(2.32) =ds, (H) - dTV(QzaQy) > 5 — 674
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Equations (2.23), (2.31), and (2.32) give

. _ 1 3 1
min{k;(z), ky(2)}dz>e 1/8 <2 - 64) > 5

If © =y, there is nothing to prove. If x # y, the rejection atoms in (2.28) are supported at
distinct points, while the accepted parts are absolutely continuous. Therefore their common
mass is exactly the integral above, and

R4

4
drv(Pz,Py)=1— min{k,(2),ky(z)} dz < =
Rd,
This proves (2.12). The construction used only SSC, LTSC, and the ASC event, including its

interior condition; no function counterpart is needed. O

Having obtained common accepted mass, it remains only to convert this local overlap into
global conductance through the symmetry geometry.

LEMMA 2.3 (Symmetry, cross-ratio separation, and conductance). Let m be a log-
concave probability distribution on a bounded full-dimensional convex body K, and let g
be v-symmetric. Suppose a reversible Markov kernel K with stationary law 7 satisfies, for
some A € (0,1) and all x,y € int K,

(2.33) ||z — yHg(z) <A = drv(Ks Ky) <0.9.
Then its global stationary conductance satisfies

(2.34) B(K) > &

S

for a universal constant ¢ > 0.

PROOF. Symmetry yields the required metric isoperimetry. For distinct ,y € int K, let
the line through them meet 0K at p, g, ordered as p, z,y, ¢, and let d (x, y) denote the cross-
ratio distance

d(og) 2=yl I al
P o=l ly =l

Let u be the unit vector along this line and let ¢,; be the smaller of the two Euclidean distances
from z to the endpoints. Both = + t,u and x — t,u lie in K, so t,u € KN (2z — K) — x.
The outer symmetry inclusion gives ¢, ||ul| .., < /7. Directly from the displayed cross-ratio
formula,

g(x)

p— x J—
(2.35) dic(y) > =Yl I leg(x)'

te N

The first inequality holds whichever of the two endpoint distances defines .
The cross-ratio isoperimetric inequality for log-concave measures [30, Theorem 2.5], in
the form used in [16, proof of Lemma B.6], says that if K = S LI S2 LI S3, then

(2.36) 7'('(53) Z CdK(Sl,Sg)ﬂ'(Sl)ﬂ'(Sg).

Equations (2.35) and (2.36) give the required global isoperimetry in the local norm of g.
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For the conductance partition, in the standard local-overlap form of [16, 29], fix S with
0 < 7(S) <1/2 and choose a fixed o < 0.05. Put

Q(S, 5°) = /S K(x, S)m( d),

S1={ze S :K(z,5 < a},

So={ye S :K(y,S5) <a}.
Forz € Sy andy € S, drv(Ka, Ky) > 1—2a > 0.9. Hence (2.33) implies || — yl|,,) > A,
and (2.35) separates .51, .52 by at least A/ﬁ in cross ratio. If either S7 or S5 has lost a fixed

fraction of its side, the definitions and reversibility already give Q(.S, S¢) > em(S). Otherwise
both retain a fixed fraction, and (2.36) gives

cA
m(K\ (S1US2)) > —=7(9).
(K\ (81U82)) = r(s)
The complement is contained in (S \ S1) U (S¢\ S2), whose stationary mass is at most
2Q(S,8¢) /a. Thus Q(S, S¢) > cAn(S)/+/v. Taking the infimum over S proves (2.34). This
is the local-overlap partition of [16, Lemma B.2], written here with its cross-ratio separation
explicit. O

PROPOSITION 2.4 (Chi-square corollary of the Dikin mixing framework). Let K C R?
be bounded, convex and full-dimensional, and let g : int K — Si 4 bea C? metric that
is strongly self-concordant, lower-trace self-concordant and v-symmetric. Suppose that
R.(g) > a(e) > 0 for every € € (0,1), where a is independent of the dimension and of the
instance. There are universal constants epix € (0, 10*2) and cy € (0,1) and c1,co > 0 with
the following property. If

(2.37) ag:=1A a(smix), QKV = Cpayp,
then, for every ¥ € R%, the 1/2-lazy Metropolis Dikin kernel K with proposal radius oxy is
reversible with stationary law my, has global conductance

) fSK(:c,SC)mg(dx) cirag
2.38 d(K) := f >
( ) (K) 0<77191(%)§1/2 9 (S) ~ Vdr

and has L*(my) spectral gap at least caa /(d). Consequently, for every g < y with finite
chi-square divergence and every integer T > 0,

2 T C2G%T 2
(2.39) X (oK™ ||lmg) < exp| — )X (pollmg)-

Consequently, for every 6 € (0, 1), the left side is at most § whenever

1+x2(uom)>.

(2.40) T > Cay*dv log< 5

PROOF. We derive the chi-square statement from the total-variation framework of [16].
Take emix = €ov from Lemma 2.2. Since

OKV = €00, ao <1A R, (9),
choosing ¢y < coy lets that lemma apply directly. Thus the non-lazy kernels satisfy (2.12),
uniformly in ¥. For the lazy kernels K, = (d, + P)/2, the triangle inequality gives

11
drv (Ko, Ky) < 5 +5(08)=0.9.
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Lemma 2.3, with A = ¢pear0kv/ Vd, now gives

COKV cag
®(K) > = .
(k)= Vdv  Vdv
This is the global stationary conductance in (2.38), not a warm or restricted conductance, and
proves that display after adjusting c; .

From conductance to chi-square contraction. Metropolis detailed balance makes K self-
adjoint on L?(7y). Since K = (I + P)/2, its spectrum lies in [0, 1]. Cheeger’s inequality for
reversible Markov kernels [23, Theorem 2.1] therefore yields

D(K)? _ cal

KY> —— >~
gap(K) > 5 2

If fo = dpo/dmy — 1, detailed balance gives

T
d(/'LOK ) — 1= KTfO-
dmy
The function f has my-mean zero, and hence

X (oK™ [|7y) = HKTfOHiQ(

71'19)

CCL(Z) 2T )
<< _dﬂ> [ foll 2 my)

2
coafT
SeXp<— d; )xQ(uon)-

No warmness bound is used: finite chi-square divergence is needed only for fu € L?(my).
Solving the last display for T' gives (2.40); replacing the numerator x?(uol/my) by 1 +
x2(1o||7y) also covers the stationary initialization without a separate case. The same chi-
square formulation is recorded in [15, Lemma 2.2]. ]

The mixing argument is now reduced to deterministic Lee—Sidford regularity and the quan-
titative ASC estimate of Theorem 1.2.

2.3. Deterministic Lee—Sidford geometry and scaling.

PROPOSITION 2.5 (Established Lee—Sidford regularity). Let p > max{4,2(1 + logm)}
and set
(2.41) A= +pH(1+p),  Hy:=N\go.

Then Hy, is strongly self-concordant and lower-trace self-concordant, and it is v,,-symmetric
with

(2.42) 7, < edpd.
PROOF. Under the dictionary ¢ = p and ATWa /94, = go(z), (2.41) is exactly the LS

matrix of [22, Definition 6]. Strong self-concordance and convexity of logdet H,, are [22,
Lemmas 4.2 and 4.3]. The latter gives

tr(H, ' D*Hylh, h]) > tr(H, ' DHy[h]H, ' DH,[h]) >0,
hence lower-trace self-concordance. The proof of [22, Lemma 4.3] also gives

ly = 2l ) < Ao D w77 < Apd! T PmP < ehyd
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fory € K N(2z — K); here p > 2(14logm) implies m?/? < e. The reverse inclusion follows
directly from the leverage identity

_ 2
ol g0(x) Mag; = w?lP.

Here a;cr’i denotes the ith row of A,. Since wy; = (Py)ii <1, if ||y — wHHp(x) <1, Cauchy-
Schwarz gives

alily—2)| <A PP <1

T

for every 4, and hence y € K N (2x — K). This proves (2.42). See also [15, Section 2.2] for
this normalization. [

PROPOSITION 2.6 (Metric scaling). For every L > 0,
(2.43) R-(Lg) = L'*R.(g).

If L > 1 and g is v-symmetric, then Lg is Lv-symmetric. Scaling by L > 1 also preserves
strong self-concordance and lower-trace self-concordance.

PROOF. A radius-r proposal for Lg is a radius-r/ LY/? proposal for g. Its discrepancy is

multiplied by L, while
L2€(T/L1/2)2 B 2er?
d o d

which proves (2.43). The symmetry statement follows from ||uH%g(x) =L Hqu](x). In the
defining differential inequalities for strong self-concordance, the left side is unchanged while
the local norm on the right is multiplied by L'/2. For lower-trace self-concordance, the trace
term is unchanged while the negative lower bound is multiplied by L; hence the condition is
preserved when L > 1. O

2.4. Affine covariance.

LEMMA 2.7 (Affine covariance). Let ¥(z) =z, + Tz, where T' € R%d s invertible,
and pull the polytope and metric back through V. Then the Lewis weights and the matrices
P and N are unchanged at corresponding points, while

(2.44) 90(%) =T go(W(2))T.

Moreover,

(2.45) DEN[r1,...,ri) = DF Ny [Tr1,..., Ty,
(2.46) I7llg, @ = 177 llgo (w(@)) -

The Gaussian proposal and the discrepancy in (1.4) are carried into their counterparts by V.

PROOF. The pulled-back inequality matrix is A = AT, and the slack vectors at Z and
U(7) coincide. Hence

g@ = A\I,(;:)T
Substitution in (2.1) cancels 7" and T'7 inside the inverse, so the Lewis fixed point, and
therefore P and NV, is unchanged. The same substitution in (2.2) proves (2.44). The chain
rule gives (2.45), and (2.46) follows by congruence. Finally,

Tgo(@) ' TT = go(¥(Z) ",

so corresponding Gaussian proposals have the same law after applying W. The two squared
local norms in (1.4) are preserved by (2.44). ]
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The covariance lemma allows every ASC estimate to be proved at an arbitrary base point
after imposing = = 0 and go(z) = 1.

3. Selective expansion of the metric discrepancy. The normalization, path variables,
and first bottleneck decomposition in this section follow [15, Sections 1.2 and 3.1]. We retain
that notation to make the comparison transparent. Kook iterates the recursion to fixed order.
Lemma 3.1 records its exact arbitrary-order form, which will later be used with a logarithmic
truncation order.

By Lemma 2.7, the metric transforms covariantly, while the ASC discrepancy and radius
are affine invariant. Fix a base point z and apply an affine change of coordinates so that

(3.1 =0, go(z) = 1.
Let h ~ N(0,I;), set = r/+/d, and define
(3.2) F(t)=hTgo(xz+th)h, 0<t<n.

For z; = x + th, abbreviate A, = A,,, W, = W,, and N, = N,,, and set

(3.3) sy =Ah, u = Wtﬁst, vy = th/Qst, =W, /pst, q: = I/V_l/2 02.
Then F(t) = |Jus||?. Since s} = —s92 and (2.11) holds, if £; = log wy, then

(B4 F(t)=-2E1(t) - 28H(t),  Ei(t)= (s, W/s??),  Hi(t) =q/ Nyor.
For j > 1, define

(3.5) H;(t) = ¢f NIV,

where N\¥) = DEN, [h,... h]. Differentiation gives

(.6 Hj(t)=GCiaa(t) + Hin(0), Ci(®)=(a) N Vo +q/ NV,

LEMMA 3.1 (Selective expansion). For every integer J > 1,

/H1 dt—zn +Z/ J__tlj 1 G;(t) dt
(3.7 +/On(77;!t)(GJ+1(t) + Hypa(t)) dt.

PROOF. Iterate
¢
(0 = 10+ [ (Gpoa(9)+ Hya(s)) ds
and apply Fubini’s theorem. After j integrations the kernel is (n —¢)7=1/(j — 1)!. O

The expansion separates the proof into three tasks. Analytic frame estimates control the
derivatives of IV, ; the weighted Wick theorem controls the base-point polynomials H;(0);
and pathwise localization controls the G ;(¢) terms and the terminal remainder. The next four
sections treat these tasks in that order.

4. Analytic horizontal-frame jets. Following [15, Section 1.2 and Appendix B.3], we
express Lewis-weight derivatives through moving orthonormal frames. A horizontal gauge
and a complex relative-row neighborhood yield dimension-free Cauchy bounds for all deriva-
tives of N, uniformly in m, d and the smallest Lewis weight.
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4.1. Horizontal-frame coordinates.

LEMMA 4.1 (Algebraic identities for a physical frame). Fixy € int K, put B\y = Wf Ay,
and let U be any real orthonormal frame for col(By). Then
(4.1) UUT =B, (B] B,)"'B] = P,,
4.2) diag(UUT) = wy.

In particular, every row of U is nonzero.

PROOF. Two full-column-rank matrices with the same column space have the same or-
thogonal projection. This gives (4.1); the Lewis fixed-point equation (2.1) then gives (4.2).
Strict positivity of every Lewis weight and (4.2) imply that no row of U vanishes. O

Fix a real base point satisfying (3.1) and a direction e € R? with ||e| = 1. Along y, =
T+ Te, let

B, =W} A,
Lemma 2.1 makes this a real analytic, full-rank matrix path. Orthonormalize it and apply

the horizontal-gauge construction of Lemma B.1. We thereby obtain the physical horizontal
frame U, choosing its initial gauge so that

(4.3) Uy =By =WPFA,.
This is possible because E(-]r By = go(x) = I,. The frame satisfies
(4.4) Ulu, =1y, Urul =o.

The horizontal gauge and its evolution equation are proved in Appendix B.
Write u;r for the ith row of U and define, initially on the real path,
4.5) wimulu,  wi=wl? =N
7

Let ® be the matrix whose ith row is ¢ , after identifying R? @ R? with R%*. Then

(4.6) G:=0d' =W 12p2w-12  p=yUT,
and, with
) 2
a=—, cp=1——,
p P p
we have
4.7 NU)=2(I - G)(al +c,G)~*.

Indeed, al + ¢,G =1 — c,(I — G) =1 — ¢, A. For the physical frame just constructed,
Lemma 4.1 and the row definitions give

(4.8) G(U,) = Wy—Tl/QP;fW;Tl/Q, N(U;) = N,,.
Let

Because each slack is affine,

(4.9) Si (7‘) =
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At the base point, A, = W p Uy, and hence

@10)  [si(0)| =w;”

)

uTe) < w2-1/2_ﬁ :wl-l/p <1, HW()I/2S(O)H <1

7

The second inequality follows from VVO1 / 28(0) = VVO1 PUye and 0 < Wy < I.
Define

@11 oU,7) =W Y2s(r),  2(U,7)=—s(t) = BW(U)V2N (U ) (U,71),

where W (U) = Diag(u] u;). From (2.11), B = Diag(zT)ET. The horizontal condition
therefore gives the closed equation

(4.12) U =FU,7):=I—-UU"Diag(z(U,7))U,  U(0)=1U.

The converse identification of a solution of this closed equation with the physical frame is
proved after the analytic neighborhood has been established.

4.2. The weighted complex neighborhood. 'We complexify all matrices and use algebraic
transpose AT, rather than the Hermitian adjoint A* = ZT, in the Stiefel equations and the
holomorphic maps UU T and ®® . Norms are the Hermitian Euclidean, operator and Frobe-
nius norms. For these norms,

op’

(4.13) HAT

= lAllps || AT|| = Al

op F

the first identity follows because the nonzero eigenvalues of AAT and AT A agree, while
ATA = (A*A)T. Loewner-order statements are used only at the real base point; away

from it, invertibility follows by operator-norm perturbation and a Neumann series. Fix
Wy = Diag(wo,;) and define

o HeiTVHQ
(@.14) Vil = Vil + max ===

For an m x ¢ matrix X, set

el X
(4.15) X 0| souy,0 = max == —2,
’ 7 £/ Wo,i
and, for y € C™, define
—-1/2
(4.16) 1m0 = 1wl + [ W5 29|

LEMMA 4.2 (Analytic row map). There are universal constants co,C > 0 such that,
if ||U — Upl|y < 8 < co, then each u] u; lies in {z : |z — wo ;| < wo,i/2}. The square-root
branch agreeing with ., /wy ; is analytic, and

(4.17) lw(U) = w(Uo)lly <C U = Uollg,
(4.18) 12(U) = @(Uo)lg + 12(U) = 2(Uo)llrow,0 < CIU = Uol| x »
(4.19) 1G(U) = G(U0)llop + IG(U) = G(U0) |0 < CIU = Vbl -
The maps U +— w(U), U +— ®(U) and U — G(U) are holomorphic on this neighborhood.
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PROOF. Write u; = ug; + A;. By (4.14), || As|| < 0, /wo 4, so

<2 [luo|l | Al + 1|41 < (20 + 6)wo .

T
ui Uy — ’woﬂ'

For sufficiently small co, this is at most wg ; /2.
Consider
URU
(uTu)l/2’
After writing u = ,/wo; u, all normalized rows lie in one fixed complex neighborhood of

the real unit sphere. On that neighborhood the selected branch of % — (%'%)/? and the
normalized row map % — 4 ® @/ (4" )"/? are holomorphic with universally bounded deriva-
tives. Both unnormalized maps are homogeneous of degree one. Thus integration along the
segment from u; to u; gives, with no dependence on wo ;,

wi(U) = wi(Uo)| + [[R(ui) = R(uo) || < Cll A

Squaring and summing proves (4.17) and the Frobenius part of (4.18); division by ,/wo;
proves the row part.

At the real base point, Go = ®o®] < I, hence |[®oll,, < 1. Equation (4.18) gives |||, <
1+ C4. From

R(u) =

G—Go= (P — Do)D" + (P — D) "
we obtain
IG = Gollgp < 12 = ol (11lo, + 1 Rollp) < CIT = Ul -
For the ith row, use
e; (G —Go) = (¢ — d0.4) T + ¢ (@ — Do) "

and ||¢o,;|| = \/wo ;. The already proved Frobenius and relative-row bounds yield

el (G = Go)||, < O/ U = Ul

which proves the row part of (4.19). Holomorphy follows from the selected square-root
branches and matrix multiplication. O

LEMMA 4.3 (Resolvent stability). Let
R(U) = (al +c,G(U)) .

There are universal c1,C > 0 such that, whenever ||U — Up|| , <0 < c1a,

2
4.20 R(U < -,
@20) IR,y < 2
For every m x q matrix X,
(4.21) IRU)X [lyom.0 < Ca™ [ X om0 + Ca™ | X o,
Furthermore,
(4.22) IN(U) = N(Uo)llop + IN(U) = N(Uo) o0 < Ca? |U = Up|l -
Finally, for every y € C™,
(4.23) IN(U)yll, < Ca yll,,

(424) |wa PN @y| < cat |y +ca?yly.
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PROOF. At Uy, G is real symmetric and 0 < Gg = I. Thus the smallest singular value of
al +¢,G) is at least a. Lemma 4.2 and a Neumann series prove (4.20) when C'§ < a/2. Here
and below 1/2 < ¢, < 1, because p > 4.

The identity

(4.25) R=a"'T- 2GR
a
will be used for row estimates. Since G = ®® T, Lemma 4.2 gives
6|, < lloillo||o7| <y
op

Applying (4.25) to X, and using ||RX|| <27 || X]||

(4.26)

op» Yields row by row

el RXl, _ i llef X[, e llef G, . .
T S s T g B ey <@ X o+ CaT X o

Because a + ¢, = 1 and R commutes with G,

427) N(U)=2(I - G)R = ;(R—I).
P
The resolvent identity gives
(4.28) N(U) — N(Uo) = —2R(U)(G(U) — Go)R(Vy).

The operator part of (4.22) follows from (4.19) and (4.20). For the row part, the right resolvent
first gives

I(G = Go)Roll,, < Ca™ |U — Vo]l »

op —
and, directly on each row,

(G — Go)Rol|
Apply (4.21) to

0 S NG = Gollyou0 1 R0llgp < Ca™" U = Up|l 5 -

row, row,0 ’

= (G — Go)Ry.

The two terms are respectively bounded by Ca=2||U — Up||,, and Ca=3 ||U — Up|| - This
proves the row part of (4.22); the weaker common bound C'a—* also covers the operator part
since a < 1/2. Finally, for a one-column matrix ¥,

1/2
b
oo

1¥)on0 = | Wo [9)l0p = Nl

Thus (4.27), (4.20), (4.21), and 2/c, < 4 give (4.23)~(4.24). 0

PROPOSITION 4.4 (Identification of the horizontal physical frame). Let y, = x + Te
range over a real interval I > 0 contained in int K. The physical horizontal frame con-
structed above is the unique real analytic orthonormal frame for col(B;) with initial value
(4.3) and gauge (4.4). Every row of this frame is nonzero. On every subinterval on which it
lies in the row-map neighborhood of Lemma 4.2, it solves (4.12). Conversely, a real solution
of (4.12) with initial value (4.3) agrees with the physical horizontal frame on every connected
interval on which it remains in that neighborhood. If a finite endpoint lies in I and the solu-
tion remains in a closed subball of the neighborhood up to that endpoint, the identification
continues across it.
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PROOF. Lemma 2.1 shows that ET = Wﬁ A, is real analytic and full column rank on /.
The analytic orthonormal frame

U, = B, (BIB,)™"?
spans its column space and satisfies 170 = EO = Uy. Applying the gauge construction in
Lemma B.1, with initial gauge I, gives the stated frame. If U and U are two such frames,
then U = UO for an orthogonal matrix path O with O(0) = I. Their horizontal conditions
give O’ =0, so O = I, this proves uniqueness without invoking any choice of orthonormal-
ization. Lemma 4.1 gives the nonzero-row claim and (4.8) identifies its row maps with the
physical Lewis quantities.

The slack identity (4.9) gives A; = —Diag(s(7))A,,. Moreover, (2.11), followed by
(4.8), gives

d
< logwy, = —W(U) V2N (U)v(U-, 7).

The product rule therefore gives
B, = Diag(—s(r) = BW (Ur) 2N (U )o(Ur, 7)) B

The horizontal-gauge formula in Lemma B.1 now yields precisely (4.12). Lemmas 4.2 and
4.3 make its right side real analytic, hence locally Lipschitz in the X norm, throughout the
stated neighborhood. Thus a real solution of the closed equation and the physical frame co-
incide near zero by ODE uniqueness. Reapplying uniqueness at every point of their com-
mon interval proves identification on its connected component. If a finite endpoint in [ is
approached inside a closed subball, the rational slack functions are regular there and all U-
dependent denominators stay uniformly away from zero. The vector field is bounded on a
slightly larger compact neighborhood, so the closed solution has a limit. Local existence
and uniqueness at that limiting point extend both solutions and the identification across the
endpoint. O

REMARK 4.5. A uniform bound on || N(U)]|,y o is generally false. On the null space
of (G, N has an identity component of size comparable to p. Lemma 4.3 controls instead
differences of NN, derivatives of N, and the action of N on vectors whose Euclidean and
relative-coordinate norms are both controlled.

4.3. Complex existence and Cauchy estimates. The elementary analytic ODE lemma
used next is proved in Appendix A.

LEMMA 4.6 (Uniform analytic flow). There are universal constants c,C > 0 such that
the solution of (4.12) extends holomorphically to

(4.29) 17| < 2pp, pp= ep 3 =cad,
and satisfies
(4.30) U () — Uslly < c1a/2.

On the same disk,

(4.31) Un)'u(r) =1y



QUADRATIC MIXING FOR THE LEE-SIDFORD DIKIN WALK 21

PROOF. Decrease c; if necessary so that cia < ¢y, where cq is the row-map radius in
Lemma 4.2, and set

d=ca, D={Ur7):||U-Ul|ly <0, |7| <1/4}.
For (U, 7) € D, Lemma 4.2 gives

(4.32) 272 g, < |wi (U)] < (3/2)Y2,/wos, 1<i<m.

Indeed, w;(U)? = ulTuz lies in the disk of radius wy ;/2 around wy ;.
By (4.10), |s;(0)| < 1. Hence |1+ 75;(0)| > 3/4 on |7| <1/4, and (4.9) gives

(4.33) Is(T) ]l <2, HWOI/23(T)H2§2.
The second bound follows term by term from

3 s ) < (473 sl O < (473"

Since v; = w;(U)s;(7), (4.32) and (4.33) imply
@3 lyso|wlsm|| <co ng | <clstmil e
Put y = N(U)v. Equations (4.23), (4.24) and (4.34) give

(4.35) lyll, < Ca™t, HWO_l/QyHOO <Ca™?

The diagonal operator I/VO1 / 2VV(U ) ~1/2 has operator norm at most C' by (4.32). Consequently
|wwy 2| <co|wey|_<cazwgtww) | <oyl < ca
Since 0 < < 1/2, (4.11) and (4.33) now give separately in the two relevant norms

(4.36) I2]l < Ca™2, HW1/2 -1,

Let Z = Diag(z). Since U remains in a fixed operator-norm neighborhood of Uy,

< (1 + 5),/’(1)071' S Cw/wo,h

luilly < lluolly + [lus —

and therefore

2 2 2 1/2_||? _
12011 = 3 |zl lull3 < | w5 %2 || < ca.

For the relative row norm,
(4.37) e] F(U,T) = zou] —u] (UTZU).
Here
1Ullop < Uollop + U = Uollp <1+ c1a<C
and, by (4.13),

o7

<[] 1z, <ClzUle <Ca.
op op
Dividing (4.37) by ,/wo; and using the last two displays gives, for every 1,

T F@, _

|zi| + C HUT
v Wo,i

<Ca 2.
op
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The Frobenius estimate follows directly from
2 —
1P 7)le < L+ 1U15,) 12U |p < Ca™".
Thus

(4.38) sup |F(U,7)|y < Ca™2.

NU—-Uoll <8, I7]<1/4
On D, every denominator 1 + 7s;(0) is nonzero, every chosen square-root branch remains
inside its defining disk, and al + ch(U) is invertible by Lemma 4.3. Therefore s, w,
W(U)_l/ 2, N, v, z and F are jointly holomorphic on D. Applying Lemma A.1 with
1
4 )

T0 = 0 =ca, M=Ca 2

gives
min{r,d/M} > coa®.

Here a <1/2, and every constant used above is universal: [|Up||,, = 1, while the relative-row
normalization absorbs all dependence on m,d, and min; wg ;. Thus the ODE lemma gives a
holomorphic solution on a disk of radius c3a® that stays in the half ball. Define Pp= c3a®/2,
after decreasing c3 so that 2p,, < 1/4. This proves (4.30) on |7| < 2p,,, with a dimension-free
constant.

To verify the complex Stiefel constraint, set Q = UTU and M = U ZU. Directly from
(4.12),

Q=MI-Q)+(-QM.

Thus E = I — @ solves the homogeneous linear matrix equation £’ = —MFE — EM with
E(0) = 0. Uniqueness gives E = 0, proving (4.31) throughout the disk. O

LEMMA 4.7 (Kernel identity on the complex flow). On the disk of Lemma 4.6,
(4.39) GU(T))w(U(7)) =w(U(r)),  NU()wU(r))=0.
PROOF. By (4.31), Ej ujujT =UTU = I. Therefore
(Gw)-:iZ(uTul)ZziuT Zu‘uT U = wj
et wp A\
J j
Thus Gw = w. Since a + ¢, = 1, we also have Rw = (al + ¢,G)"'w = w, and (4.7) gives

Nw=2(I —G)Rw=0. O

THEOREM 4.8 (Analytic horizontal-frame jets). Write w, = w;,lg/ ? coordinatewise. There
are universal constants c,C > 0 such that, for every real base point x € int K, every k > 1,
and every ri,...,r; € R,

o]+ 55
op 2—00
k
(4.40) Se o | L C1 e
j=1
k
4.41) HDkwx[rl, . "'”’“]Hz <Ck Tl oo

Jj=1
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For repeated directions,

(4.42) HD’% ]

I e | Ll Py

(4.43) | PRealrt]|, < Chtop™ 11l

PROOF. We first prove the repeated-direction estimates. Given x and r # 0, use the affine
map

U(F) =+ go(x) Y27

Then §o(0) = I and the direction corresponding to r is 7 = go(x)'/?r, whose Euclidean

normis |||, (- Equations (2.45) and (2.46), together with invariance of the Lewis weights
at corresponding points, show that it suffices by homogeneity to work under (3.1) with ||r|| =
1.

Let U(7) be the analytic solution in Lemma 4.6, with initial frame (4.3). For real 7 near
zero, Proposition 4.4 and real ODE uniqueness give
(4.44) NUT) = Npyrr,  w(U(7)) =wil)

- Yx+T1r

Indeed, (4.10) implies 1 + 7s;(0) > 0 for real |7| < 2p, < 1/4, so this real segment remains
in int K and the physical frame is defined there. The local identification near zero gives

dk d*

ﬁ :Dk‘Nx[r’._"rL QW(U(T)) :DkCUx[T,...7T].

N(U(7))

7=0 7=0

Since (4.30) places the circle |7| = pj, in the resolvent neighborhood, Lemma 4.3 gives

sup (INU()) = NUo)lgp + INU (7)) = N(Uo) 0.0 < Ca*(c10/2) < Cp.

I7|<pp

For k > 1, subtracting N (Up) does not change the derivative. Cauchy’s formula on the circle

|| = pp, strictly inside |7| < 2p,, in the matrix Banach norm HMHOp + HWgc—l/QMH
2—00
gives the following estimate; here its second summand is exactly || M ||

which proves (4.42). Equation (4.17) and (4.30) give sup, <, [[w(U(7)) —w(Uo)l, <
Ca < C'. The same Cauchy argument proves (4.43) without a prefactor depending on p.

It remains to pass from diagonal to mixed directions. The maps D*N, and DFw, are
symmetric k-linear maps into their respective Banach spaces. For unit vectors r1, ..., r, the
real polarization identity and the triangle inequality give

row,O:
dk
drk

N(U(7))|

< Cp?klp, ",

2—00

=0

dk:
~1/2
| v,

1 kk
[T[ry, . rel | < Bl Z HT[(617“1 +-+ €k7’k)k]H < o7 Sup HT[rk]H )
Cee{-1,1}* s i<t

Scaling each input separately gives the same bound multiplied by []; [|7;|. Combining this
with the diagonal k! bounds and undoing the affine normalization proves (4.40) and (4.41).
O
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5. Projection-weighted Wick contractions. Kook [15, Section 3.3] estimated the first
Wiener-chaos contractions case by case. We isolate their Parseval-frame structure in an all-
order theorem whose double-contraction bound removes the residual d'/2 loss. Throughout
this section all tensors are real, and Tr denotes the unnormalized trace

d

.

(T Tayanor = O Dorbroobibyasan o -
bl,...,br,-:].

For tensors S, T, the contraction S ®, T sums the last £ indices of each tensor, and S®,T is its
average over all permutations of the remaining indices. Thus symmetrization is an orthogonal
projection in Hilbert—Schmidt norm and introduces no additional combinatorial factor. Let
I,,(T) denote the order-n Wick polynomial, normalized by

(5.1) E[In(S)Im(Tﬂ = 1{m:n}n!(S, T>HS-
The raw-to-Wick and product formulas [32, Chapter 1] are
[n/2] ol
5.2 Th@n = ann—TTrTy nrzi'a
(5.2) (R ZZ:OQ’ 2r(Tr" 1) = ol (n — 2r)

aNb

(5.3) L(S)1(T) = ;ﬂ (‘2) @ Lotb-20(S®T),

where &, is the symmetrized ¢-fold contraction. Appendix C records these identities. We use
the conventions that Iy(c) = ¢, a contraction whose order exceeds one of the tensor orders
is absent, and the Hilbert—Schmidt norm of a scalar is its absolute value. These conventions
include without exception the cases in which a trace leaves a tensor of order zero or one.

Let U € R™*4 satisfy UTU = I; and assume that every row is nonzero. Write the column
representation of its ith row as

(5.4) wi=vwiki,  wi=|u|*>0, |kll=1 ) w=d
and set K; = k; ® k;. Define

P2
(55) Fijzw/wiwﬂKi,Kj)Hs: Y N P:UUT.

The Schur-product theorem [11, Section 5.2] gives

(3.6) 0=T <1I,.

Indeed, P < I implies P o (I — P) = 0, which is W — P°2 = 0; conjugation by W ~1/2
proves (5.6).

THEOREM 5.1 (Weighted Wick contraction). Letn > 1 and let T; € Sym”(Rd), 1<i<
m. Suppose that, for some L > 0,

1/2
(5.7) (Z \Ti[x®”H2) < L|z[",

(5.8) Ty, 2| < Lojwi [ ] a1,
j=1
(5.9) > VwiTix®"| < Lz|”
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for all indicated vectors. If h ~ N (0, 1), then

(5.10) > Vwi(kThTREM|| < (Cn) " L(d +n)"/.
A 1.2
PROOF. Set
P(h) = Vwi(k] h)*Ti[h®").
Since [|k;|| =1,
(5.11) (k[ h)? =1+ I(K;).

The noncentered part
Po(h) =3 VwiTi[he"]

satisfies, by (5.9) and the Gaussian radial moment bound,

(5.12) 1Poll > < L(E|A][*™)? < (Cn)™2L(d+n)"/>.
For the centered part, put S; ,, = Tr" T; and m, = n — 2r. Then
[n/2]
(5.13) Pe=>_ ane Y _ilo(Ki) I, (Sir).
r=0 7

Only the contractions ¢ = 0, 1,2 occur. The £ = 1 term is absent when m, = 0, and the ¢ = 2
term is absent when m,. < 2. Thus, when n = 1, only £ = 0, 1 occur, while for n = 2 the £ =2
contraction is a scalar. The estimates below use the same formulas in these edge cases.

For ¢ = 0, an unsymmetrized kernel is

A= Z VWiK; ® S .
i
Using (5.6) coordinate by coordinate,
(5.14) 1Arollfis =D Tij(Sir Sirs < D> 1Sirlis
ij i

Symmetrization cannot increase the Hilbert—Schmidt norm.
For ¢ = 1, an unsymmetrized representative is

Ar,l = Zuz & Si,r(ki> )

For a multi-index v = (a1, ...,am,—1), put

d
Ciy = Z(ki)b(Si,r)b,al,...,amT,l .

b=1
Then (Ar1)agy = >_;(Ui)a,Ciy- For each fixed +y, the Parseval identity for the rows of U
gives
2

T 2
:C'YPC’Y < E|Ci»7| .
%

d

2.

ll():l

Z(ui)agci,’y

%
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Summing over v and using || k;|| = 1 gives
2 2 2
(5.15) HAMHHS < Z Hsim(kia )HHS < Z ”Si,rHHS :
i i

The same bound holds after symmetrization.
For ¢ = 2, which is present only when m, > 2, the kernel is

Ar2 =Y VwiSip(ki, ki,-).
i
For a fixed output multi-index (ay,...,am,—2), expanding the r traces and applying (5.8)
gives

|S’i7’r‘(ki7 k’ia eala R eam,,,fz)‘

d
< Z ‘ﬂ[eblyebla"'7ebr76br7ki7ki7€a17‘””SLdr\/wi‘
be=1

bi,...;br

Thus each output coordinate of A, is at most

(5.16) Ld™) w;=Ld*.
i
There are d"~2 output coordinates, and hence
(5.17) Aol < Ld™T1dlm=2/2 = La"/?,
because
n—2r—2 n
5.18 1+ ——=—.
( ) r+1+ 5 5
It remains to track the coefficients. Regard T'(h) = (T;[h®™])"™, as an R™-valued poly-

nomial. The coordinatewise raw-to-Wick identity is
[n/2]
m
T(h)= Y any(Im, (Siz))1 .

r=0

The chaos orders m, are pairwise distinct. Orthogonality and (5.1) therefore give the exact
identity

[n/2]
(5.19) EIT(R)3=D_ an,me! Y [1Sisllis-
r=0 i
On the other hand, (5.7) and the Gaussian radial-moment bound imply
[n/2]
(5.20) > ak m Y |ISirlfg < L(C(d +n))"
r=0 7

This is the only point in the proof at which orthogonality between different values of r is
used. After multiplication by I5(Kj;), the output order is

(5.21) qir,)=m,+2—-20=n—2r+2—2¢,

and different pairs (r,¢) can have the same value of ¢(r, ¢). We therefore make no orthog-
onality assertion for the terms in (5.13); from this point onward they are combined by the
triangle inequality.
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For ¢ = 0, the L? norm of the contribution for a fixed 7 is at most

1/2
ans/ (my +2)! (ZHS”HHS) (n—|—2< mr'Z||S”|HS>

For ¢ = 1, the product coefficient is 2m,., the output order is m,., and the corresponding bound
is at most

1/2

1/2
my <ai7TmT! Z HS”H%IS> .
i

Taking the triangle inequality first, and then Cauchy—Schwarz in r, the combined ¢ = 0, 1
contribution is at most

n/2] 1/2

3(n+2)v/I+[n/2] | Y a2 m!> [1Sirlhe
r=0 7

Here the absent ¢/ = 1 term for m, = 0 is simply omitted. By (5.20), the last display is
bounded by (Cn)¢"L(d + n)"™/2.

For ¢ = 2, the product coefficient is m, (m, — 1) and the output order is m, — 2. Equations
(5.17) and the elementary estimates

any < (Cn)", my(m, — 1) <n?, \/m < (C’n)”/2

show that each such contribution is at most (Cn)C™Ld"/?. There are at most 1 4 [n/2]
values of r. The triangle inequality now proves the same bound for P.. Combining it with
(5.12) proves (5.10). ]

REMARK 5.2. Condition (5.7) controls the global tensor energy, (5.8) controls each row
relative to its leverage weight, and (5.9) supplies the weighted mean cancellation. Thus the
theorem is tailored to Gaussian polynomials indexed by a Parseval frame, rather than to
arbitrary weighted families.

The double contraction is the only point at which the number of rows could enter. The
factor \/wj; in (5.8) turns the row sum into >, w; =d, and (5.18) exactly compensates for
the two contracted Gaussian indices.

6. Base-point bottleneck polynomials. This section combines Theorems 4.8 and 5.1 to
control the base-point terms H;(0) in the selective expansion (3.7).
Return to the normalization (3.1). Write

(6.1) U=WP~5A,, Ut =1, B=wY?4, =wlry, 1Bllgp <1
Let u; = \/w;k; be the rows of U. For h ~ N(0, 1),
(6.2) ¢ =wi(k]h)?,  v=Bh.
LEMMA 6.1 (Cubic base term). There is a universal C' > 0 such that
6.3) 1E1(0) + BH1(0)]] = < Cp?*Vd.

PROOF. Let u = Uh and define
(6.4) M= -W=Y(1 4+ gN)W/PU.
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Since W—# = W~1/21y1/P  gubstitution into (3.4) gives

(6.5) E1(0) + BH{(0) = —(Mh,u®?) =: —T(h).

The polynomial 7" is odd and centered. The Gaussian Poincaré inequality [2, 24] gives

2 2 T 02 2 T 2
(6.6) ET? <E||VT(h)|> < 2E |[MTu?|| +8E |UT (wo Mh)| .

If miT 18 the 7th row of M, then

67 E HUT(U o Mh)H2 <STER I <33 w; [lmg|2 = 3te(MTWM).

LetCpyy=MM T Since u is Gaussian with covariance P = UU T,

2
E HMTu°2 = wTCppw + 2t2(Cyy P2)

2
6.8) < HMTwH F2tr(MTWM),

where P°2 < W was used.
Now

WY2M = —(I + BN)YW/PU.
Using 0 < N < pI, W'/? < T and ||U||% =d,
(6.9) tr(MTWM) < Cp?d.
Also, using P < I,

2

HMTwH — wTW=Y2(I + BNYWYP PW VP (T + BNYW /1y
(6.10) < Cp?w"Wlw = Cp? Zwi = Cp?d.
Combining (6.6)—(6.10) proves (6.3).

For j > 2, define the symmetric j-tensor

. 1 .
(6.11) Tlwr, .. 2] == el DI IN, [, ;... 2] Bz,
J r=1
On the diagonal,
(6.12) T h®i) = e] DI"'N,[h7 =] Bh.

THEOREM 6.2 (Natural scale of every bottleneck polynomial). For every j > 2,
(6.13) 1H;0)] = <p*(CH) Y p, UV (d + 52,
In particular,

(6.14) 1Ha(0)]| - < pOMa?.
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PROOF. We verify the hypotheses of Theorem 5.1 with n = j. First, Theorem 4.8, (6.12)
and | B[, <1 give

1/2
(6.15) ( ”[h@”]‘ ) <Cp*(j — D)lp, UV ||A)7 .

Second, the mixed row estimate (4.40) gives

(6.16)

‘ o j
T, 2| < Co27 0, 00 [ el

For the weighted mean, let w = w'/2. The identity Nw = 0 holds along the complex line
by Lemma 4.7. Differentiating it j — 1 times in direction h gives

Jj—2
=0

To make the cancellation explicit, put kK = j — 1. Entrywise differentiation of the identity
NyT = N, shows that every matrix DNh] is symmetric at a real base point. In particular,

(6.18) wT D*N[h¥)Bh = (D*N[h¥|w) " Bh.
Substituting (6.17) in (6.18), and using || B[, < 1, gives

> VaT ]

i

(6.19) < I Z < ) HDfN 1Y)

The factorial cancellation in this Leibniz sum is exact. Namely, for 1 </ <k — 1, (4.42) and

(4.43) give
() o

k _ _
(6.20) < cp2( f)wke)!ppk IA]l* = Cpkto * 1]

- ‘wTDjle[hjfl]Bh’

j—l—Zw[hj—l—Z]H .
2

‘Dk—éw[hk—q H
1%

2

For ¢ = 0, the same conclusion, with p in place of p?, follows from || N lop < p and (4.43).
The case k = 1, equivalently j = 2, consists only of this £ = 0 term. Multiplication by the
remaining factor ||k in (6.19), followed by summing at most k terms, therefore yields

(6.21) < Cp*ilpy U=V ||h|)7 < pA(C5) T py U= ||h))7

PNA

Thus (5.7)~(5.9) hold with L = pz(Cj)Cj oY, Finally,
Z Jwi(kTR)2 T [n®],

Theorem 5.1 proves (6.13). Equation (6.14) follows because p,, ® = pOM), O
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7. Pathwise localization and logarithmic summation. Building on the fixed-order lo-
calization in [15, Sections 3.1-3.2], we combine the analytic jet bounds with a single Gaus-
sian event that is uniform over the path and the logarithmic truncation order. We retain the
normalization (3.1).

7.1. A uniform path event. At the base point, let k; be the unit row directions in (5.4).
Then

(7.1) Coi =k h.
For e € (0,1/4), define

(7.2) A.=1+log W

LEMMA 7.1 (Initial Gaussian event). There is a universal C > 0 such that the event

(13) go={IInll < CVAAZ, (Gl < CVA}

has probability at least 1 — /8.
PROOF. Gaussian concentration [1, 24] gives
IP’(HhH >Vd+ \/210g(16/5)) < 18—6
Each kl-Th is standard normal, so the normal tail bound and a union bound give
P T ‘ /210 (32 <=,
<1rgniag>;1 ki h|> og(3 m/s)) <16

Both displayed thresholds are bounded by those in (7.3) for a sufficiently large universal C,
since A. > 1. The union bound proves the claim. O

LEMMA 7.2 (Identification on a real proposal segment). Work under (3.1), let h # 0,
A= k|, e=h/A\ and T =t\. On &, if

OStSr/\/g, rgcppA_l/Q,

€

then, after decreasing the universal constant ¢ > 0,
0 <7 <min{pp,1/2}.

Every slack along x + Te is positive, the physical horizontal Lewis frame exists on this seg-
ment, and it is the restriction of the holomorphic solution in Lemma 4.6. In particular,

(7.4) C_lww,i < Wrtth,i < Cwm,i; 1<i<m.

PROOF. On &, 0 < 7 < Cry/A., so the stated radius condition places the segment in
[0,pp) N[0,1/2). By (4.10), |(Aze);| < 1, and hence

(A(z +7e) — b); = (Az — b); (1 + 7(Aze);) > 0.

Thus the segment lies in int K. The physical horizontal frame exists there and, by Proposi-
tion 4.4, satisfies the same real ODE and initial condition as the restriction of the holomor-
phic frame. Local uniqueness identifies them near zero. If their maximal interval of equality
ended earlier, (4.30) would keep the common solution in the row-map neighborhood, and
local uniqueness at the endpoint would extend it, a contradiction. Lemma 4.2 and (4.2) now
give (7.4). ]
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LEMMA 7.3 (Uniform path bounds). There are universal constants c,C > 0 with the
following property. Let
(7.5) I'. = Crp?A2.

Here Cr > 1 is a fixed universal constant chosen large enough for all estimates in this lemma.

If

(7.6) r<eppATl?,

then, on &, for every 0 <t <n= 7“/\/&, the point xy = x + th belongs to int K and
(1.7) 1€elloo + [I8elloe < T,

(7.8) el + llvoell + lgell + ||z ]| + [|ot ]| < T=Vd,

(7.9) | B ()] < T.d,

(7.10) 1llgy(a,) < TeVe.

For every integer k > 1,

(7.11) HNt(k)

o < C’ka!p;kI‘];dk/Q.

Consequently, for j > 2,

.\’ .
(1.12) Gl < cpri-ar (1)@,

D

r\’ '
(1.13) < e -ni(50) o,

Pp

PROOF. If h = 0, every assertion is immediate. Otherwise put A = ||h||, e = /A, and
T =1tA. Lemma 7.2 gives x; € int K and (7.4) throughout the required interval. We use this
identification below.

For the original direction h, the exact formula is
_ S0y
N 1+ tS[)J' ’

(7.14) St s0. = wy/ o

The event & gives ||sg|, < Cv/Ac. Decreasing c if necessary, |tsg ;| < 1/2. Hence ||s¢||, <
C+v/A.. Also,

wei\ P 1
(7.15) Ct,Z:Co,z-( ) (L+ts0,i)”

wo, i

so (7.4) proves (7.7).
The identities

(7.16) Ut i = /Wi v =W P, Qi = VWGl
and ), wy; = d imply
(7.17) el + [lvell + llg]| < CT-Vd.

The derivative formulas are

1
(7.18) vy =—s 00 — E(Ntvt) O St,

1 _
(7.19) d = <<25 - 2) 0 — 2st> oq,  0=—W;" Ny,
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At the real point z;, 0 < Ny < pl,,, so
(7.20) | Neve]| < plloe]| -
For ¢}, use the exact cancellation
(7.21) og=—(W; P Nowy) o (W, 2u8?) = —(Nywr) 0 (2.
Indeed, with R = C'v/A. denoting a common bound for ||s;|| and ||| .
il < R (lenll + 3 | Newell) < CpE*VA,

and the sharper identity (7.21) gives

2

latl| < € (G2 1 Newl + lstll o llae ) < CoRVA.

Together with (7.17), these inequalities prove (7.8) after fixing the stated universal Cr suffi-
ciently large.
Differentiate Fy(t) =), wffisgi:

% %

The second sum is at most 3 ||s,g||?>Q [|ue||®. For the first, Cauchy—Schwarz and th/ 262 =
— Ny give

1/2 1/2
St il < (Y] (S

< el 16t oo [15¢ll o I Neve]l -

This proves (7.9). Since F(t) = ||u||* = Hth]D(xt), (7.10) follows as well.
Apply (4.42) at x4 in the direction h and use (7.10) to obtain (7.11). Inserting (7.8) and
(7.11) into the definitions of G; and H; proves (7.12) and (7.13). More explicitly, for j > 3

the two factors outside Nt(j YinG ; contribute at most I'2d, and hence
G,(0)] < CpT2d (j = 2)tp, U-ITd 20272,

which is (7.12). When j = 2, the same conclusion follows directly from [ V¢[|,, < p, so no
zeroth-order use of (7.11) is required. Similarly, the two exterior factors in H; contribute

I'2d, while NY ) contributes
Cp*(j — 1)!plj(j_1)1“g_1d(j_1)/2.
Their product is exactly the right side of (7.13); in particular its dimension power is

ddli—1/2 — gG+1)/2 n

7.2. Summing the expansion. The parameter choice below keeps localization valid,
bounds each low-order contribution by O(¢), absorbs the terminal v/d factor, and retains
an inverse-polylogarithmic radius.

LEMMA 7.4 (Compatible choice of truncation parameters). Fix once and for all the con-
stants in all preceding estimates. Let cyan € (0,1] be a valid constant in (7.6), and write
Pp = cpp*3 with ¢, € (0, 1]. There are universal constants

0017027CQ70J7057A0aBO > 17 CS, Clow > 07
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which can be fixed in the displayed order

(7.23) Ca; Co; Cg; Oy Cs s cs s (Ao, Bo, Clow),
such that the following holds. Define
(7.24) Qe = Cop'T,
2(d+1
(7.25) J= {CJ 1og<%ﬂ,
€
(7.26) Tcand = CS€3pra_1J_CS'
For every O <r <rcang, if
rI’ r
0=—, £=(Cal)—,
Pp Pp
then
1
(727) r < cpampphc %, o< €<
(728)  Cuplr2e2<S lr2cf g2, 2« Gl
' ¢ -8’ 2 % =20 P> =160’
(7.29) Cclp2fgr2 < i, CdpQFgr\/gG‘] < i.
40 40
Moreover,
(730) Tcand > Clowggp_AoAa_Bo-

PROOF. Choose C¢ to dominate every universal coefficient already fixed in the cubic,
jet, Wick and path estimates used below, including the fixed base constant inside (C§)¢7 in
(6.13). Next choose C5 so that, for all integers J > j > 2,

(€)Y

(7.31) o
J!

(1 + J)j/2 < (Cclj)02ja

where the C on the left is the now fixed constant from (6.13). This is possible by Stirling’s
inequality. Choose C so large that

(7.32) Q:>Cq max{lap4ap2rga FE}

for every p > 4 and A, > 1. Next choose C'; > 1 for the terminal estimate below, choose
Cg > C5+4, and only then choose c¢g > 0 sufficiently small in terms of these fixed universal
constants. This is the order in (7.23).

Since I'c = Crp?AZ,

Q- = CQC%pmAg.
In particular, with

. 2(d +€1)Q€’

one has X > 16. Thus the ceiling in (7.25) defines an integer J > 3, and
(7.33) Cjlog X <J<CjlogX +1<2CjlogX.
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For 0 < r <7¢and,

TA;/2

< cse® QNI AYE < CegA TP,
p

r
3 —-C -C
0 <cge 7ij 5 <ecgJ 8,

£ <esCPedQt I,
Thus a sufficiently small cg, chosen after C'g, gives all three inequalities in (7.27); in partic-
ular r < p, < 1. The remaining low-order estimates follow from
Pp
Q2

1 126f0F
71—\6 <§ Q27

2p2,0p€2 < 2050202 6PQ/;p ch2—2cS

Capirle 2 <y css

[\

Cap’T2r® < Cacie

Here p4p12) <1,p? pp < 1, and every remaining displayed ratio is at most one by (7.32). Since
et <e b <e? ande2<eforee (0,1/4), decreasing cg once proves (7.28) and the first
inequality in (7.29).

For the last terminal inequality, retain the preceding value of X. Then Q.v/d < X /2, and
(7.32),7<1,and § < J 4 give

Cap’T2rVd67 < QNdI .

Choose C'; sufficiently large that the integer in (7.25) satisfies J > e; the inequality J >
Clog X is automatic from (7.33). Then

<e M < ; Q:Vd < 40
This choice of C'; precedes the choices of C'g and cg, as requlred.
Finally,
log X < C’(A5 + logp + logAE) < CpA,
and hence (7.33) gives J < CpA.. Since Q. < Cp'?A® and p, = c,p~3, substitution in (7.26)
gives

3, —(154+C —(8+C
Tcandzclowg b (15+ S)AE( * S)'

Thus one may set Ag = 15+ Cg and By = 8 + C'g, with ¢}y > 0 depending only on the
constants already fixed in (7.23). ]

PROOF OF THEOREM 1.2. Fix € € (0,1/4) and the quantities in Lemma 7.4. After de-
creasing C,s and increasing Clyg in (1.5), (7.30) gives r, < reanq. Fix an arbitrary 0 < r <r_,
set n = r/+/d, and put

rl:

(7.34) 0= .
Pp
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Lemma 7.4 supplies all smallness conditions below, including (7.6). By (3.4), Lemma 3.1,
and one integration of F1,

1 n
3 1F0) = PO < 0lE0)+ B0)| + [ (7= 0)|Ey(0)]

J

77j
+8Y i [H;(0)]
j=2
—t) Jj— 1
+5Z/ e a
m(
(7.35) +p / O (16 a0 + | E (D))
0 .
By Lemma 6.1 and Chebyshev’s inequality,
R
(736) P(nlE1(0) + BH1(0)) > 5 ) < Cap' T < .
The final inequality is part of (7.28).
On &y, Lemma 7.3 gives
(7.37) /n(n—t)|E’(t)]dt<ln2F d=ira2< S
‘ 0 ! —2l 2T T

Let

Theorem 6.2 yields

Cj r J ] i/2
(7.38) ]ESJ<pppZ ]‘ <> <1+d> :

= Pp

For 7 < J and d > 1, the last factor is at most (1 + J)j/Q. The named Stirling estimate (7.31)
therefore bounds the factor multiplying (r/p,)? by (CeJ)%. Put € = (CoyJ)%r/pp. By
(7.27), £ < 1/4. Consequently,

ES; < ppp ZSJ <2p°pp¢” <

= - 160
by (7.28). Thus
2

7.39 ES; <—.
(7.39) 7= 160
Markov’s inequality implies

€ €
7.40 P(s,> )<
(7.40) 7720/ =8

On &, (7.12) and [)'(n— )"t dt =n7/j give

Z/ O G0 ar
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§I—2 €
< COupler? < —.
jG—n = =0

J
(7.41) < Cap’T2r? )
j=2

The terminal G ;41 term is at most

J-1
J(J+1)
Indeed, integrating the order-J + 1 instance of (7.12) gives

(7.42) Cap®T?r?

J+1
17+

(J+1)!

P\ /1
@ﬁgu_ly(f) a2,
Pp
andn=r/ V/d turns this expression into (7.42); all powers of d cancel. The first inequality in
(7.29), together with 6 < J —4 < 1and J > 3, therefore gives
T or2. 2 €
————— < CapTir: < —.
T +1) =Pt =00

For the terminal H j; term, (7.13) gives

(7.43) Cap®T2r?

T(n—t)’ a2 TV g
7.44 H t)| dt < CypT'2——6".
(7.44) /0 i |Hj11(t)] dt < Cap c Tl

Here the corresponding unsimplified bound is

r J
Cp*T2J! () dI+2/2,
Pp

J+1
77+

(J+1)!

Thus exactly one factor \/ﬁ remains: d/+2)/24d—(J+1)/2 \/ﬁ The terminal estimate there-
fore retains exactly this factor. The logarithmic choice of .J absorbs it through 6”7, as quanti-
fied in (7.29). The second inequality in (7.29) gives

(7.45) Cap?T2rVd o’ < ZT)'
Since (J + 1)*1 <1, (7.44) and (7.45) show separately that the terminal Hj,; term is at
most €/40. Together with (7.43), this proves that the entire terminal remainder is at most
£/20.
The failures of &, (7.36), and (7.40) have total probability at most
e g e 3,
8 8 8 8

On their complement, each of the five contributions on the right side of (7.35) is at most £ /20,
and 0 < 8 < 1. Hence § |F(n) — F(0)| < £/4, and therefore

(7.46) |F(n) — F(0)] < g < %.
If z = + nh, then
lz— a2,y — Iz =2l o) = 2 (F(n) = F(0)).

Since n? = r?/d, (7.46) gives the stronger two-sided estimate

2 2
e =l = N2 = 2lld | < 55 < =
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Together with z € int K, which is guaranteed by the path event, this implies the event in
(1.4); in particular, it implies the one-sided ASC condition used by the mixing framework.
The base point was arbitrary, and Lemma 2.7 transfers both the discrepancy event and its
probability back from the normalization (3.1). The same argument holds with any 0 < s <7
in place of r. Hence the estimate is uniform in x and s, and the success probability is at least
1—3¢/8>1— ¢, proving Theorem 1.2. O

REMARK 7.5 (The fourth-order loss). At order four, a pathwise Cauchy—Schwarz esti-
mate gives

L0 < | N7 el < 0772

Theorem 6.2 instead gives || Hx(0)|| ;. < p®1)d2. The expansion uses the base-point estimate
at each retained order and postpones the pathwise bound to order .J, where 7 absorbs the
residual d'/? factor.

8. From average self-concordance to mixing. We now rescale the baseline ASC ra-
dius into a dimension-free modulus and insert it, together with the deterministic geometry of
Section 2, into the abstract mixing reduction.

LEMMA 8.1 (Dimension-free ASC modulus after scaling). With p = p,, and L, q from

(1.6)—(1.7), the family of metrics g, = Ly, qgo has an ASC modulus a, : (0,1) — (0,00)
independent of m and d. One may take

e3(1 +1og(1/e)) e, 0<e <ey,
Cl*(S) = Cx
17 co<e< 1.

PROOF. For 0 < e <¢gq, put B=1+log(2(m+d+1)/g9) > 1. Then

e (N (B N (1 tog(1/e)) O
T, \ep B +log(go/¢) - & '

Proposition 2.6, Theorem 1.2, and 7y <r_ give

r T
Re(g+) 2 L,ln/deg > == > == > ce?(1+log(1/e)) o,
b /,no an

which proves the first case. For € > ¢, the event and the required success probability are
weaker than at €q, and explicitly

1/2
m,dz&)

Ra(g*) > Rao (g*) >L >1.

O]
PROOF OF THEOREM 1.3. The choice p = p,, satisfies the hypothesis of Proposition 2.5.

Thus H), , = A\ go is strongly self-concordant and lower-trace self-concordant, with symme-
try parameter at most e\,,d. Since

~2 ~2
9% = L ag0 =79 "Hp, and 7,°>1,

Proposition 2.6 shows that g, has the same two differential regularity properties and symme-
try parameter

(8.1) 7(gx) < eAmdry ? = ed Ly, 4.
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Lemma 8.1 supplies a dimension-free ASC modulus. Hence the constant ay in Proposi-
tion 2.4 is universal, while (8.1) gives

dl?(g*) < edQLm,d-
Proposition 2.4 therefore yields an L? spectral gap of order (d*>L,, 4)~! and the iteration
bound (1.8). Its proposal radius depends only on universal constants.

Finally, p,, = O(1 + logm), A\, = pﬁ(l), and Theorem 1.2 with fixed g gives ?“Hl =
polylog(m, d). Hence L, 4 = polylog(m,d). O

COROLLARY 8.2 (Uniform sampling). Let w be the uniform distribution on a bounded
full-dimensional polytope, and suppose that g <  satisfies

duo

<M
dm -

o0

for some M > 1. For every 6 € (0,1), run the Dikin walk with the scaled metric g, for

M
(8.2) T > Cd*Ly, qlog <5> .

Then its law satisfies x?(ur||7) < 8. Thus its warm-start iteration complexity is

6<d2 log ]\54) .

PROOF. The warmness assumption gives
duo )
L) = [ (2 ar <
Apply Theorem 1.3 with ¢ = 0. O

REMARK 8.3 (Logarithmic factors). The powers of p, logm, logd and £~! have not
been optimized. The analytic argument gives the explicit local scale p, =< p~3; later esti-
mates deliberately enlarge fixed polynomial powers because they do not affect the dimension
exponent.

APPENDIX A: A COMPLEX ANALYTIC ODE LEMMA

LEMMA A.l. Let (X,||||) be a finite-dimensional complex Banach space. Suppose F :
B(xzg,0) x D(0,79) — X is holomorphic and

sup ||[F(x,t)]| < M.
B(xo,é)XD(O,Tg)

Then the initial-value problem

2 (t) = F(x(t),t), z(0) = xo,
has a unique holomorphic solution on
(A1) t| < 27, ro = cmin{ry,d/M},

for a sufficiently small universal ¢ > 0, and ||x(t) — zo|| < §/2 there. If H is holomorphic on
B(z0.0) and suppz, 72y | H — H(z0) | < B, then

li

(A.2) @H(x(t))‘tzo < Bklrg®,  k>1.
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PROOF. For x € B(x(,36/4) and ||h|| = 1, the one-variable map
z+— F(x + zh,t), |z| < d/4,
takes values in the radius-M ball of X. The Banach-valued Cauchy formula therefore gives
|DuF(a, H[R]l| < 4M/5,

and hence || D, F(x,t)|| < 4M/§. This argument uses no equivalence between the chosen
norm and a Euclidean norm, so its constant is independent of dim X.

Let ) be the complete metric space of holomorphic functions on D(0, 2r(), continuous on
its closure, satisfying supyy <o, [|[2(t) — xo|| < 6/2. Define, with the integral taken along the
line segment from 0 to ¢,

(Rx)(t) =x0 + /0 F(x(s),s)ds.

Choose the universal constant in (A.1) so that 2ry < 79, 2roM < /2, and 8rgM/§ < 1/2.
The preceding derivative bound, integrated along the segment between z(s) and Z(s), shows
that

~ 1 ~
sup [[Ra(t) —Rz(t)| < 5 sup [z(t) —z()].
|t|§27’0 |t\§2r0

Thus R is invariant and contractive. Its fixed point is the unique holomorphic solution staying

in the ball; ordinary local uniqueness then gives uniqueness for the initial-value problem

on the whole disk. On [t| < rg, the sharper estimate ||z(t) — zo|| < roM < §/4 places the

Cauchy circle inside B(zg,d/2). Applying the Banach-valued Cauchy formula to H (z(t)) —

H (xg) proves (A.2). O
APPENDIX B: HORIZONTAL FRAMES

LEMMA B.1 (Horizontal gauge). Let Ey C R™ be a smooth path of d-dimensional sub-

spaces, and let U, be a smooth orthonormal frame for Ey. There is a smooth orthogonal
matrix Oy € R sych that U, = U, Oy satisfies

Ulu,=1;,, UMU/=0.
If P, =U; UtT and a full-rank matrix Et with column space F, satisfies E{ = Ztgt, then
Ul = (I — P)Z,Uy.
PROOF. Set S; = (7;'— (,th’ . Differentiating (,thT Uy = I shows that Sy is skew-symmetric.
Solve O; = — 5,0y, Oy = I. Then
0ofo)' =0, UlUl=0[5,0,+0]0,=0,

so O is orthogonal and U, is horizontal.
Write B; = U; M; with M; invertible. From

UM + UM, = Z,U; M,
left multiplication by I — P; and right multiplication by Mt_1 give
(I — P)U} = (I — P,)Z;Uy.
The horizontal condition gives P,U; = U (U,JU}) = 0, proving the formula. O
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APPENDIX C: GAUSSIAN TENSOR IDENTITIES

LEMMA C.1 (Raw monomials and Wick tensors). For every symmetric n-tensor I and
h~ N(0,1y),

Ln/2) |
®@n] __ n: r
T = ZO rri(n —aryi oo (T D).

Moreover, for symmetric tensors S,’T" of orders a, b,

aAb

I,(8)1I,(T) = %5! <Z> <z> Taybo—20(S®¢T),

and
E[1.(S)I,(T)] = l{a:b}a!<8, T)us.

Here Iy(c) = ¢, and a summand in the product formula is present only for 0 < ¢ < min{a, b}.
In particular, an order-zero output is a scalar and its Hilbert—Schmidt norm is its absolute
value.

PROOF. The product and isometry formulas are the standard identities for multiple Wiener
integrals [32, Chapter 1]. The symmetrized contraction in the product formula is the orthog-
onal projection of the unsymmetrized contraction onto the symmetric tensor subspace, so

15&eT s < IS ©¢ Tlgs -

This observation also applies when the output order is zero.

The raw-to-Wick formula follows by induction on n. Multiplication by h; = I;(e;) either
raises the chaos order by one or contracts e; with one existing index. A term with exactly r
contractions is indexed by a choice of r disjoint unordered pairs among the n tensor slots.

Their number is
n\ (2r)! n!
2r ) 2rpl  2rpl(n —2r)!

which gives the asserted coefficient. Distinct values of r produce distinct chaos orders n — 27,
and hence are orthogonal by the isometry formula. This last orthogonality statement concerns
the raw-to-Wick expansion itself; multiplication by an additional Wick polynomial can make
different contraction patterns land in the same output chaos. O

LEMMA C.2 (Gaussian radial moment). For h ~ N(0, I;) and every integer n > 1,

(C.1) E||A|]*" < (C(d+n))".

PROOF. The variable ||k||* has the x4 distribution, and

n_onln+d/2) o .
E|[h|*" =2 W_]l:]()(dmg)g(dmn) .
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