—

Tdea . P(EULEL) < P& 4 (5)

Lecture 8 Uniform Bound
IEMS 402 Statistical Learning
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Uniform Bound
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Uniform Boun.d

Bound sup | L(0) — L(Q) |
0cO

Why can’t we use Chernoff/CLT?
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Uniform Boun.d

Bound sup | L(0) — L(Q) |

=0
Why can’t we use Chernoff/CLT?
Uniform Bound: UR  Chamef( boctnol %;P QW‘"
Pr [ve € ©,|L(0) — L(6)| > e’} <) Pr [ij)) (0)\ > s’] .
IS
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Finite Hypothesis Class .-

| @] <0 then V5 M,&quyrw\
Theorem 4.1. Suppose that our hypothesis class H is finite and that our loss function ¢ is bounded in [0, 1],

i.e. 0 <L((z,y),h) <1. Then Vo s.t. 0 <0 < 5 , with probability at least 1 — 0, we have

) In [#nume F(;_‘\ﬁ
IL(R) — L(h)| < \/h‘ Bl+In2/0) gy |- (4.9)
2n AL
As a corollary, we also have
L(h) — L(h*) < \/Q(IH i :ln (2/9)) (4.10)
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Finite Hypothesis Class
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Epsilon Cover

Definition 14.1 (e—covering) Let (V,]| - ||) be a normed space, and © C V. {Vi,...,Vn} is an
e-covering of © if © C UY ,B(V;,€), or equivalently, V8 € ©, Ji such that |0 — V;|| <e.
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Epsilon Packing

Definition 14.2 (e-packing). Let (V, ||-||) be a normed space, and © C V. {61, ...,0,} is an e-packing
of © if min;, ||0; — 0;]| > € (notice the inequality is strict), or equivalently N}, B(6;,¢/2) =

¢ A, Qk(l‘\d .
“ e M\ef‘ < ’J\S&OS‘\' pqc[q% OO

S odd e mo ball
do wew | will owre bD
with  ore of Ho ol bV
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o a4 ewer (7
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Covering and Packing Number

Definition 14.3 (Covering number). N (O, || - ||, €) := min{n : Je-covering over O of size n}.

Definition 14.4 (Packing number). M (O, || - ||, €) := max{m : Je-packing of O of size m}.

g



Fact

Theorem 14.1. Let (V.| -||) be a normed space, and © C V. Then

(a) ()
M(©, |- |I;2¢) < N(©, | - |l,€) < M(6,]| -]¢)-

g
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Hﬁﬁ'@ﬁ”smn Depedency

Intuition: A d-dimensional set has metric dimension d. (N (e) = ©(1/€%).)

Example: ([0,1]%,1,,) has N(e) = O(1/¢%).
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Discretization Theorem

Theorem 1.1. Discretization Theorem:

R(f) < in (a + \/ 2log N(a, F, Lz(Pn)))

n

Northwestern
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Application

Theorem 3.3 (Subgaussian covariance concentration). Suppose A € R*" is a random matrix with columns
a; € R? that are independent, zero-mean, and 1-subgaussian. Further, assurme that E [%AAT] =1I.
oW
Then, 3 universal constant C > 0 such that, ¥s > 0, AV D ramber

charviif
> max(§, 52) < 2exp(—32)’ foréd = C( - + %j’ bmm\
) olo u&(:»m Eow\ok .

1
Pr ”—AAT —I;
n

|l Ax1l
“ A\\QP = WMexX /ﬂﬁd\l_ 2\ {‘Vf&il (FARY|
G xeRd
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Dudley’s Theorem

Theorem 3.1. Dudley:
R(F) < 12/ lOgN(E, F) LZ(Pn))dE
0 n
og (320 numbe, (€
«Be&m L\{\mt\% Erwe Sm + 5
n

| —_—
— Neltae Chogni g - For € g+S J@&@i‘\ﬁ”ﬂa(&l&b

; “Donckare (s
:Q\#_: <f [a b\,erhuml»u\(q,) e éw?ﬁ f ) / Roh-Poane i ¢,
(O VR T
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| n 0
Chaining s
The Chaining idea is to rewrite f as follows:

N
f= f+Z(fj - fi-1) 'U%— fn.
i=1

£s {e 'P«L*(N,*' \c&‘w,

=4 Py ¥ 'RL;(,L’ WSS

Northwestern
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Example

Example. F = the non-decreasing function from R to [0, 1].

We can actually cover such a function uniformly. We only need to approximate it at n points, marked in
the figure. If it is within « at each of these points then the Lo distance will be no more than «. From the
approximating points one can produce a non-decreasing function: for each of the a-levels (of which there will
be 1/a), just specify one of the n points at which it increases above that level. From this we can (loosely,
but to the right order of magnitude) upper bound the size of the class of estimate functions: |ﬁ‘ | < nl/e,

We see that we can cover F' in Lo:
N(a, F, Ly(P,)) < Cnl/~.

1. The Discretization Theorem gives

logn 1/3
n

Ro(F) < c(

2. The Chaining Theorem gives

1 1
Rn(F)sm/ ,/k’ﬂda=12,/log"/ ,/lda=24,/l°g"
0 an n 0 (07 n
20




Chaining
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