
Lecture 7 Concerntration
IEMS 402 Statistical Learning



Asymptotic VS Non-Asymptotic
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Drawback of Asymptotic Theory



Concerntration
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First sense of Concerntration

Randomly sampled data

Error/risk
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First examples
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First examples
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First examples

Should be ?O(e−t)
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Moment Generating Function
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Moment Generating Function
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Chernoff bound
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Chernoff bound
sub-Gaussian random variable

Exercise
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Chernoff bound
sub-Gaussian random variable



14

Hoeffding Inequality

Should be ?O(1/ n)
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Moment Generating Function is Powerful
Not Required

Bernstein’s Inequality

σ2 : variance |Xi | ≤ c

Homework 5, Question 3
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Moment Generating Function is Powerful
Not Required



Application
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Johnson-Lindenstrauss Lemma

https://cs.stanford.edu/people/mmahoney/cs369m/Lectures/lecture1.pdf 

https://cs.stanford.edu/people/mmahoney/cs369m/Lectures/lecture1.pdf
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Why it’s important
CIFAR 100: 6000 32x32images, 
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Idea: random projection
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Why it’s important

Halko, Nathan, Per-Gunnar Martinsson, and Joel A. Tropp. "Finding structure with randomness: Probabilistic algorithms for 
constructing approximate matrix decompositions." SIAM review
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Idea: random projection

Fact 1. 𝔼[∥v∥2] = ∥u∥2

Question. ℙ(∥v∥2 ≥ (1 + ϵ)∥u∥2) Assume ∥u∥ = 1
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Random projection
Question. ℙ(∥v∥2 ≥ (1 + ϵ)∥u∥2) xi = R⊤

i ⋅ u

Means 
∑k

i=1 x2
i

k
≥ (1 + ϵ) → eλx ≥ eλ(1+ϵ)k
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Random projection
Question. ℙ(∥v∥2 ≥ (1 + ϵ)∥u∥2) xi = R⊤
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Random projection
Question. ℙ(∥v∥2 ≥ (1 + ϵ)∥u∥2) xi = R⊤

i ⋅ u

Means 
∑k

i=1 x2
i

k
≥ (1 + ϵ) → eλx ≥ eλ(1+ϵ)k

𝔼[eλx] =
k

∏
i=1

𝔼[eλxi] = (𝔼[eλxi])k

Thus ℙ[eλ(1+ϵ)k] ≤ (
1

1 − 2λ
)k ⋅

1
eλ(1+ϵ)k
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Random projection
Question. ℙ(∥v∥2 ≥ (1 + ϵ)∥u∥2) xi = R⊤

i ⋅ u

Means 
∑k

i=1 x2
i

k
≥ (1 + ϵ) → eλx ≥ eλ(1+ϵ)k

𝔼[eλx] =
k

∏
i=1

𝔼[eλxi] = (𝔼[eλxi])k

Thus ℙ[eλ(1+ϵ)k] ≤ (
1

1 − 2λ
)k ⋅

1
eλ(1+ϵ)k

set λ =
ϵ

2(1 + ϵ)

≤ e−(ϵ2/2−ϵ3)k/2 ≤ n−2
Why?

Uniform bound!



27

Note
another proof using epsilon-net: Theorem 8. 
https://www.cs.princeton.edu/~smattw/Teaching/Fa19Lectures/lec9/lec9.pdf 

Not Required

https://www.cs.princeton.edu/~smattw/Teaching/Fa19Lectures/lec9/lec9.pdf

