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Asymptotic VS Non-Asymptotic



Drawback of Asymptotic Theory
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Concerntration



First sense of Concerntration

inequalities of the form e

Randomly sampled data QS (w < )

FP(X > t) < 6(t)
) < ot

where ¢ goes to zero (quickly) as t — oo

Error/risk
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First examples

Proposition (Markov's inequality)
If X >0, then P(X > t) < X forall t > 0.
fl

PIx 24*) < iy (Morkods Toagdey)
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First examples

Proposition (Markov's inequality)
If X >0, then P(X > t) < Xl for all ¢t > 0.

Proposition (Chebyshev's inequality)
For any t > 0, P(|X — E[X]| > t) < Y2iX)

t2
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First examples

Proposition (Markov's inequality)

i : : Should be O(e™")?
Proposition (Chebyshev's inequality) ould be O(e™)

For any t > 0, P(|X — E[X]| > ) < 9
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Moment Generating Function
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Moment Generating Function

2 3
- - x LK
moment generating function e =1l+x+5+37+-..
tX
M X (t = [6 ]
| Argument of moment T: X+ X My €)= xee 1€ /V\M('FJ
A function generating function Sum of Independent Random Variables:
Suppose X;, X5, ..., X, are n independent random variables, and the random variable Y is
defined as
Y=X+X+ - +X,.
Then,

My(s) = E[e*]
= E[CS(X,+X;+~~+X“) ]
- E[CSX‘ X ... CSX"]
= E[e*X|JE[e*2] --- E[e’**] (since the X;'s are independent)
= Mx, (s)Mx;, (8) -* Mx, (s).
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Ch_ernoff bound

P(X >a) <infM(t)e ™ ¢ Plx=a

>0 ) !
.E,
] P (e s ) < 5[]
04a,
= M[*@) QFQFQ'
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Ch_ernoff bound

(\%QOV\‘ | 5" “Ig U \/‘ON‘W/\;l

P(X > a) <inf M(t)e ™

o T t>0 sub-Gaussian random variable )
- random variable X isub—Gaussian if

Ao
Nensna 2 o ST s Cuesone EIXPOAX)] < exp ( 5 ) for all A € R.
><1 -+ >(l = T
Mo, (6) Ml = Ahere) Rlowert Gorori, functisir
Example fa Gowssion
If X € [a, b], then Vo 38 g
20h _ \2
/ E[exp(A(X — E[X]))] < exp (%) .
0= g (b-a)™
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Ch_ernoff bound

P(X > a) <inf M(t)e ™

T t>0 sub-Gaussian random variable

A mean-zero random variable X is o2-sub-Gaussian if

Vs
P(X —E[X] > t) < exp

(

E[exp(AX)] < exp (/\

t2

202

2.2

)
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2" ) for all A € R.
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Hoeffding Inequality

<

Xk e - Xy\ \LS (I‘;\‘ 0?,")- de @qucsiotv’tf

Corollary (Hoeffding bounds) 2 | .

If X; are independent a,?-sub-Gaussian random variables,

( Z(X E[Xi]) > t) < exp < _ZL\ Should be 0(1/\/2)?
i=1 i—1 0 /
If

.
H> fX(*‘* EI&A Xj?wﬁ) £ oxp I;\n:i ) W V\ o ré‘)
2nt

» usually stated as X; € [a, b], so bound is exp(— = a)z)
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Moment Generating Function is Powerful

(Not Required )

Bernstein’s Inequality

]P’(EZXiZt) V]P’(
nz’:l

SEE

>, < ) < exp (o)

o2 varllz;.n.c.e |X | <c
Specid onge; o' ©
[~
QePL™ "ot
o

= Qxp(- AE

Homework 5, Question 3
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Moment Generating Function is Powerful

Proposition (Not Required )

Let {Z;}! | be 02-sub-Gaussian (not necessarily independent).
Then

E [maxZ,-] < /202 log N.
M

QxP(EfW 2;&) < E_&[pr & hox Z)X
N\

V\

gliexe t420) - 0 )

g



Application



Johnson-Lindenstrauss Lemma

2% MM k>%lognﬁ‘g of mex of 4tj)-pia ny. 2)

e o
then for any set A of n points § R there exulns\tg\a map f: R — R* such that for all z;,z; € A

Pp£ bl g ) {Plou i — a;]|* < [ f () — f ()l S(.1+6)||-Ti_fcj|| (3)
Y R G- x5 ) aa fi - |
geu\&E}) o ‘%(\ 'F]/% K—\OW W\D\W\/ (E(j) PM:\Q f)L S[M)’J

whole @*\MSLW‘ > (ot Dt ke Q(J§>
https://cs.stanford.edu/people/mmahoney/cs369m/Lectures/lecturel.pdf
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https://cs.stanford.edu/people/mmahoney/cs369m/Lectures/lecture1.pdf

Why it's important
CIFAR 100: 6000 32x32images,

. ; ’p“ “b\QQ“
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ldea: random prOJectlon

Definition Let R be a random matrix of order k x d i.e R;; LN (0,1) and u be any fixed vector € R¢ .
Define v= —-R-u. ThustéRkandv—fZRuJ
l/\ OQQE\ _~
" o )
H e ¥
S— -
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Why it's important

SVD =
Randomized . L
SVD X xn

nxn nxk

Halko, Nathan, Per-Gunnar Martinsson, and Joel A. Tropp. "Finding structure with randomness: Probabilistic algorithms for
constructing approximate matrix decompositions." SIAM review
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ldea: random projection

Definition Let R be a random matrix of order k x d i.e R;; LN (0,1) and u be any fixed vector € R¢ .

K
Define v = ﬁR - . Thus v € ®* and v; = ﬁ Ej,(RijUj

W
uep?® r GQ{ fw plo,T)  Doaont

21— a2 > o
Fact 1. E[|[v]|“] = |[ul| E[(u-ﬂ\)ﬂz&[ t,{‘t*r‘"m_&:vt? E[rﬁ"]u( U Tt fu =il

7‘ ) > Wl (e eu)) é@([weﬂ = ud

Question. P(||v||Z > (1 + e)||«||?)
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kT
................................................................ bt e
Question. P([|v[|~ > (1 + €)l[u[?) X =R"-u
k
1
Means > (1 +e€)
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Random projection

Question. P(|[v]|> > (1 + e)lul?) 5K X, =R u
7(_: = \
Ca .

>(1+e¢) —>€le etIrek

Means

gy



Random projection

Question. P(|[v]” > (1 + e)llull?) 5 =RT-u
I S |
Means ——— > (1+e¢) —>e/1x2 o MI+O)k
g(emj " fhe monest
sonaistipy funckion
: ! ax

Thus P[e*1+k] < ( ).
[—o4  erl+ek
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Random projection

............................................................... (e 43
Question. PATIZS (T ailinin) < o (CA¢ D Fl>- £ =R -u
k x2
Means —=L0 > (1 4+ &) = loht > gh1+ek

Thus P[e#1+9%] < ( ! ). ! > (< (€=M =<n‘2
- 1-2J pM1+e)k = =N .
B iform bound!
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N Ote (Not Required )

another proof using epsilon-net: Theorem 8.
https://www.cs.princeton.edu/~smattw/Teaching/Fal9lectures/lec9/lec9.pdf
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