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Asymptotic Normality
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Asymptotic Theory for ERM?
what is the asympto-c distribu-on of ̂θn := arg min 𝔼Pn

lθ(x)
For example: maximum likelihood lθ(x) := log Pθ(x)

Today’s AIM:  where n( ̂θn − θ*) → N(0,e′ (θ*)−1e′ 𝔼P*θ (∇l ∇l⊤)θ*)−⊤) e(θ) = 𝔼P*θ ∇2lθ
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Asymptotic theory
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Proof
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Bias-variance trade-off in Asymptotic?
Not Required

Duchi J, Ruan F. Asymptotic optimality in stochastic optimization. arXiv preprint 
arXiv:1612.05612, 2016.
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Moment Estimator
if we know e(θ) = 𝔼X∼Pθ

[F(X )],  we define e( ̂θn) = 𝔼ℙn
f(X )
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Inverse Function Theorem
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Hints for future research
f (θ) = arg min

f
Fθ( f ), What is f′ (θ)? Not Required
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Exponential Family

Fact: Moment estimator for exp family using moment  equals to ERM estimatorT



Fisher Information
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Asymptotic Theory for ERM?
what is the asympto-c distribu-on of ̂θn := arg min 𝔼Pn

lθ(x)
For example: maximum likelihood lθ(x) := log Pθ(x)

Today’s AIM:  where n( ̂θn − θ*) → N(0,e′ (θ*)−1e′ 𝔼P*θ (∇l ∇l⊤)θ*)−⊤) e(θ) = 𝔼P*θ ∇2lθ

Max like-lihood
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Fisher Information
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Cramér–Rao lower bound



Influence Function
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influence function
What is the influence that 
we delete the data?

̂θ = arg min
θ

1
n (

n

∑
i=1

l(xi, yi; θ) + l(xn, yn; θ)) ̂θ− = arg min
θ

1
n

n

∑
i=1

l(xi, yi; θ)
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influence function
What is the influence that 
we delete the data?

̂θ = arg min
θ

1
n (

n

∑
i=1

l(xi, yi; θ) + l(xn, yn; θ)) ̂θ− = arg min
θ

1
n

n

∑
i=1

l(xi, yi; θ)

̂θϵ = arg min
θ

1
n (

n

∑
i=1

l(xi, yi; θ)+ϵl(xn, yn; θ))
Influence function:  

d ̂θϵ

dϵ
How to compute that?
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Influence function
̂θϵ = arg min

θ

1
n (

n

∑
i=1

l(xi, yi; θ)+ϵl(xn, yn; θ))

(
n

∑
i=1

∇θl(xi, yi; ̂θϵ)+ϵ∇θl(xn, yn; ̂θϵ)) = 0

AIM:  
d ̂θϵ

dϵ
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Influence function
̂θϵ = arg min

θ

1
n (

n

∑
i=1

l(xi, yi; θ)+ϵl(xn, yn; θ))

(
n

∑
i=1

∇θl(xi, yi; ̂θϵ)+ϵ∇θl(xn, yn; ̂θϵ)) = 0

AIM:  
d ̂θϵ

dϵ

Take gradient respect to ϵ
n

∑
i=1

Hθl(xi, yi; ̂θϵ)
d ̂θϵ

dϵ
+ϵHθl(xn, yn; ̂θϵ)

d ̂θϵ

dϵ
+ ∇θl(xn, yn; ̂θϵ) = 0

Hessian of all data

Gradient of the data of interest

How to compute this?
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Applications

https://arxiv.org/pdf/1703.04730 Checking mislabeled data

https://arxiv.org/pdf/1703.04730
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However

https://arxiv.org/pdf/2006.14651 

https://arxiv.org/pdf/2006.14651
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Overparameterize: SVM example
Open!

Reweighting no longer works!


