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Asymptotic Normality



Asymptotic Theory for ERM?

what is the asymptotic distribution of én ;= arg min [Epnlg(x)

For example: maximum likelihood [y(x) := log P,(x)

Op’ﬁﬂv‘lﬁ (rdiction:
Ep 908 19 =0 Akl
y (V) ,op-t\m\'(f,T Canolrfron
% Ufg 0 + lfg Ow ) + h.ax, 6 ic Ao 6{%%"( o

Today’s AIM: y/n(d, = §%) = N(0,¢/(0*) WE (VI VITII*)™T) where ¢(8) = Ep, V21,

nvefe e Rewa?
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Asymptotic theory

Theorem

Let X; ™S Py, and assume 0, = argmax, P nlo(X) is consistent.
Define the covariance

Yo 1= (PyV?£e(X))1Covg(Vle(X))(PyV?Le(X)) 1

Under the previous assumptions,

(0, — 60) SN (0,%4,)

> “typically” Y9 = —(PyV24y(X))" ! = COV@(K@)
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Proof



Bias-variance trade-off in Asymptotic?

Si= B (Not Required )
— =8 X+ 08X learn OS¢, O N

T e dixe 0ix leam D) ‘
\//—Q@L

Duchi J, Ruan F. Asymptotic optimality in stochastic optimization. arXiv preprint
arXiv:1612.05612, 2016.
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Moment Estimator

if we know e(6) = Ey_p [F(X)], we define e(d,) = Ep, f(X)
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Inverse Function Theorem

0

(F)(t) = 5, F~(t) = (F'(F~'(1)))".

ot



Hints for future research

(0) = arg min Fy(f), Whatis /0)? ( Not Required )




Exponential Family

Definition 3.1. {Py}yce is a regular exponential family if there is a sufficient statistic T : X — R¢
such that Py has density
Py = exp(§"T(z) — A(6))

with respect to p, where A(6) = log [ eeTT(“’)d,u(x).

Fact: Moment estimator for exp family using moment 7 equals to ERM estimator
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Fisher Information



Asymptotic Theory for(Vaxikelinood )

what is the asymptotic distribution of én ;= arg min [Epnlg(x)

For example: maximum likelihood [y(x) := log P,(x)

Thy 3 [0n- 0s) > 0l0 T ) Tge s the B Thrmeon

[ . o

C\Oj\h E\P{)( 01293 = -@(U/QQV\QQ(] QQQ:?
. |

N PP
Py P

Today’s AIM: 3/ n(0, — 0%) — N(O,e’(@*)‘le’[EPg(Vl VINg*)~T) where e(9) = Ep, V21,
E‘Tsrg‘ o IUL?Q :alfﬁg;f)
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Fisher Information

Definition (Fisher information)
For a model family {Py} on X, the Fisher information is

1(0) := Eg[VLp(X)VEy(X) ']

» when E and V are interchangable, then /(8) = —E[V2£y(X)]

Qndm E o) =0 Clore "&4)\&"9}«)
2 d
0
Vig(x) = 50, '8 Pe(X)] e R’
— |00 =1
Ity 3 g a EQT C—nge{wQ,E‘l - 52 ! d
2 _ dxd
V() = gy, o) RO
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Crameéer—Rao lower bound
T)\\M_ Tf [E@nl: 5 <« wnbe) .
Nor 80) £ Tor

P & eoky i =) than e u{x.Y) 2 Vel D W ()

()

£ 0L = gor-voeT
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Influence Function



Influence function

A 1 [ < A .1
= in — e : . 0_=argmin— ) I(x;,y;;0
@ = arg min <Zl(xl,yl,0)+l(xn,yn,9)> > g mi nZ( i 0)
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Influence function

? What is the influence that
we delete the data?

A 1
6 = arg min — <Z I(x;,y;;0) + 1(x,, y,; 9)> [ > 0_ = = arg mln— Z I(x;,y;;0)

0 i=1 i=1
Ve 1
0, = arg m1n — < Z [(x;,y;;0)+el(x,,y,; 9)>

& do, .
& Influence function: — u How to compute that?
i de
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Influence function

A 13 do
0. = arg min — ( Z [(x;, y;; 0)+el(x,, y,; (9)> AlM: —<

6 n i1

< 2 Vol(x;, y; é€)+€ Vol(x,,y,; é€)> =0
i=1

g



Influence function
é = arg ngn; ( Z [(x;,y;;0)+el(x,, y,; (9)>

€
< Y Vol yi 0)+€ Vgl (., é€)> =0
i=1

def dée, z
Iup,params (z )

...............

Gradjé;;.f.gflfhe data of interest
Take gradient respect to €

@ How to compute this?
do), do,
2 Hol(0, i3 00—+ cHyl(,, 3, 00— + Vgl 3,3 0.) =

i=1
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Applications

Label: Fish Label: Fish

~ Figure 5. Training-set at-
A small tacks. We targeted a
tperturbaﬁon set of 30 test images fea-
tga?:ﬁ,g turing the first author’s
example: dog in a variety of poses
and backgrounds. By
maximizing the average
loss over these 30 im-
Can change ages, we found a visually-
multiple test : .
predicione: 1mpercePt1b1e cl.lapge. to
the particular training im-
< s ; s o o ¥ ke age (Sh(_“xln on tan) that
Orig (confidence): Dog (97%) Dog (98%) Dog (98%) Dog (98%) ﬂlpped I 0.98 10
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/ . Fraction of train data checked Fraction of train data checked
https://arxiv.org/pdf/1703.04730 Checking mislabeled data
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https://arxiv.org/pdf/1703.04730

With Weight-Decay

However

:,...............Withuut..Weight:Decay ................. .
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https://arxiv.org/pdf/2006.14651
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Spearman Correlation

Correlation Decreases With Depth
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Spearman Correlation
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Correlation Decreases With Width
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https://arxiv.org/pdf/2006.14651

Overparameterize: SVM example

Open!

Margin (gap between decision

boundary and hyperplanes)

Support vectors
X2 A
Decision boundary | . .// Reweighting no longer works!
/0 ;‘3 \\'ﬁ}. . Hyperplane
Hyperplane @ \\ /,,,f-for second
for first class ® 904 N class
() \\ -
"%,
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