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Rademacher Complexity

Definition. The empirical Rademacher complexity of F is defined to be

) & [ (20|
1=1

feF

where o1, ...,0,, are independent random variables uniformly chosen from {—1,1}. We will refer
to such random variables as Rademacher variables.
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VC Dimension
Definition 3 (% For any natural number m, define,
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VC Dimension

Definition 3 (Growth Function). For any natural number m, define,

Io(m) = max{[Ic(S)| ] [S] = m}

Grow at a polynomial at degree d

Can be bounded boun thar largest m such that I[1-(m) = 2"
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Generalization Measures

We investigate more then 40 complexity measures taken from both theoretical bounds and
empirical studies. We train over 10,000 convolutional networks by systematically varying
commonly used hvpberparameters.

batch  dropout learning depth optimizer Wweight ...

size rate decay overall T w

vc dim 19 0.000 0.000 0.000 -0.909 0.000 0.000 -0.171 -0.251 -0.154

o # params 20 0.000 0.000 0.000 -0.909 0.000 0.000 -0.171 -0.175 -0.154

¢} 1/~ (22) 0.312 -0.593 0.234 0.758 0.223 -0.211 0.125 0.124 0.121

9] entropy 23 0.346 -0.529 0.251 0.632 0.220 -0.157 0.104 0.148 0.124

cross-entropy 21 0.440 -0.402 0.140 0.390 0.149 0.232 0.080 0.149 0.147

oracle 0.02 0.380 0.657 0.536 0.717 0.374 0.388 0.360 0.714 0.487

oracle 0.05 0.172 0.375 0.305 0.384 0.165 0.184 0.204 0.438 0.256

canonical ordering 0.652 0.969 0.733 0.909 -0.055 0.735 0.171 N/A N/A
|S| = minV|S|

vc dim 0.0422 0.0564 0.0518 0.0039 0.0422 0.0443 0.0627 0.00 0.00

- # param 0.0202 0.0278 0.0259 0.0044 0.0208 0.0216 0.0379 0.00 0.00
S 1/~ 0.0108 0.0078 0.0133 0.0750 0.0105 0.0119 0.0183 0.0051 0.0051
entropy 0.0120 0.0656 0.0113 0.0086 0.0120 0.0155 0.0125 0.0065 0.0065
cross-entropy 0.0233 0.0850 0.0118 0.0075 0.0159 0.0119 0.0183 0.0040 0.0040
oracle 0.02 0.4077 0.3557 0.3929 0.3612 0.4124 0.4057 0.4154 0.1637 0.1637

oracle 0.05 0.1475 0.1167 0.1369 0.1241 0.1515 0.1469 0.1535 0.0503 0.0503
random 0.0005 0.0002 0.0005 0.0002 0.0003 0.0006 0.0009 0.0004 0.0001

Table 1: Numerical Results for Baselines and Oracular Complexity Measures

Jiang, Yiding, et al. "Fantastic generalization measures and where to find them." arXiv preprint arXiv:1912.02178
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Figure 1: Fitting random labels and random pixels on CIFAR10. (a) shows the training loss of
various experiment settings decaying with the training steps. (b) shows the relative convergence
time with different label corruption ratio. (c) shows the test error (also the generalization error since
training error is 0) under different label corruptions.

Zhang, Chiyuan, et al. "Understanding deep learning (still) requires rethinking generalization." Communications of the
ACM 64.3 (2021): 107-115.
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Figure 1: Fitting random labels and random pixels on CIFAR1Q{ (a) shows the training loss of
various experiment settings decaying with the training steps. shows the relative convergence
time with different label corruption ratio. (c) shows the test errof (also the generalization error since
training error is 0) under different label corruptions.

Zhang, Chiyuan, et al. "Understanding deep learning (still) requires rethinking generalization." Communications of the
ACM 64.3 (2021): 107-115.
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Norm Matters

Linear regression https://arxiv.org/abs/2502.01585
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Neural networks

Bartlett, P.L., 1998. The sample complexity of pattern classification with neural networks: the size
of the weights is more important than the size of the network. IEEE transactions on Information
Theory, 44(2), pp.525-536
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Norm Matters
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https://arxiv.org/abs/2502.01585

Re-examining Double Descent and Scaling Laws under Norm-based Capacity via Deterministic Equivalence
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https://arxiv.org/abs/2502.01585
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Rademacher Complexity



Example: Linear

Theorem 4. A linear hypothesis class H such that Vh € H, hy,(z) =< w,z >co===g|, where
w € R" ||lw|l, < B, and z € R", ||z||, < X, we have

Rom(H,S) < 2% (9)

https://courses.cs.washington.edu/courses/cse522/11wi/scribes/lecture6.pdf
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(o w\og Gntet on
Fact

Theorem 2. If the loss function is A— Lipschitz, we have

Rm(loH) < AR (H) (4)

AN

=
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Different norms...

batch dropout learning depth optimizer weight width overall N7
size rate decay 7
Frob distance 40 -0.317 -0.833 -0.718 0.526 -0.214 -0.669 -0.166 -0.263 -0.341
o Spectral orig 26 -0.262 -0.762 -0.665 -0.908 -0.131 -0.073 -0.240 -0.537 -0.434
Q0 | Parameter norm 42 0.236 -0.516 0.174 0.330 0.187 0.124 -0.170 0.073 0.052
0 Path norm 44 0.252 0.270 0.049 0.934 0.153 0.338 0.178 0.373 0.311
Fisher-Rao 45 0.396 0.147 0.240 -0.553 0.120 0.551 0.177 0.078 0.154
oracle 0.02 0.380 0.657 0.536 0.717 0.374 0.388 0.360 0.714 0.487
|S| =2 minV|S|
Frob distance 0.0462 0.0530 0.0196 0.1559 0.0502 0.0379 0.0506 0.0128 0.0128
— Spectral orig 0.2197 0.2815 0.2045 0.0808 0.2180 0.2285 0.2181 0.0359 0.0359
E Parameter norm 0.0039 0.0197 0.0066 0.0115 0.0064 0.0049 0.0167 0.0047 0.0038
Path norm 0.1027 0.1230 0.1308 0.0315 0.1056 0.1028 0.1160 0.0240 0.0240
Fisher Rao 0.0060 0.0072 0.0020 0.0713 0.0057 0.0014 0.0071 0.0018 0.0013
oracle 0.05 0.1475 0.1167 0.1369 0.1241 0.1515 0.1469 0.1535 0.0503 0.0503

Table 2: Numerical Results for Selected (Norm & Margin)-Based Complexity Measures
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Margin Bounds

Theorem 1. Let F C [a,b]* and fir p > 0, § > 0. With probability at least 1 — &, for all f € F

Gb)l‘ﬁ‘ Hedatn & 1. |

5N
' Rl >
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Key Insight: “smoothed loss is Lipschitz”
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For Neural Network

Wei, Colin, and Tengyu Ma. "Improved sample complexities for deep networks and robust
classification via an all-layer margin." arXiv preprint arXiv:1910.04284 (2019).
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Algorithm Stability



Stability

notation: S training set, S training set obtained replacing the
i-th example in S with a new point z = (x, y). b= (L)

Definition

We say that an algorithm A has uniform stability 3 (is
(B-stable) if

V(S,z) € 2", Vi, sup |V(fs,2') — V(fsiz, Z)| < 6.

z'e

https://www.mit.edu/~9.520/spring09/Classes/class09 stability.pdf
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https://www.mit.edu/~9.520/spring09/Classes/class09_stability.pdf

What's the result like

Most of the cases # = —, then the generalization bound gives by
n

with probability 1 — 4,

2In(2/5)

5] < Iofs] + & + 2k + w21

Proof Idea: McDiarmid’s Inequality
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Train Faster, Generalize Better?

Generalization error Generalization error
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Figure 1: Generalization error as a function of the number of epochs for varying step sizes trade-off of iterative optimization algorlthms' arXiv preprint

on Cifar10. Here generalization error is measured with respect to classification accuracy. Left: arXiv:1804.01619 (20]_8)
20 epochs. Right: 60 epochs.

Hardt, Moritz, Ben Recht, and Yoram Singer. "Train faster, generalize better: Stability of stochastic
gradient descent." International conference on machine learning. PMLR, 2016.
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PAC Bayes



Randomized Classifier

We will consider the binary classification task with an input space X and label set J = {+1,—1}. Let D be
the (unknown) true on X x ). Let H be a hypothesis class of functions f : X — ). Let P be the space of
probability distributions on H. We consider 0, 1-valued loss functions [ : H x (X x V) — {0,1}.

Definition 1. Let Q € P. Define:

Emperical Risk of Q l(Q; D) = |lf| Z EhN? [1(h; (z,y))]

@ 1ot hacessory > o e petfeyror)
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PAC-Bayes Bound

Theorem 2. (McAllester) VD,YHVP € PY§ > 0, we have with probability at least 1 — § over S ~ D™:

Trainecscls o
KL((Q;8) || 1(Q: D)) < “1€ l|f+ log (™) :
< m S )
P ol ao ks £ gl e e Splast
2.
but D ey be c(nzpeo\u? SRS

“soft” version of algorithm stability

Basic idea: https://arxiv.org/pdf/2110.11216

log Egr [eh(e)] = sup []Eng[h(H)] — KL(pr)}.
pEP(O)
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https://arxiv.org/pdf/2110.11216

Sharp Minima

Training error
- Testing error

- Sharp minimum  Flat minimum
Flat minimum Sharp minimum

Train with Larger noise Train with smaller noise

Keskar, Nitish Shirish, et al. "On large-batch training for deep learning: Generalization gap and
sharp minima." arXiv preprint arXiv:1609.04836 (2016).
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‘ > Neyshabur, Behnam, et al. "Exploring generalization
- aye S - in deep learning.”Neurips 2017

Training error
-- Testing error

K Gostien o .I)
e Sharp minimum ° Flat minimum
Flat minimum Sharp minimum

Train with Larger noise Train with smaller noise
kL Geearon (Trinad, T ) i{ NG T

'I'Put a distribution over hypothesis
Generalization = = ) weigh® 6>

generalization of randomiZfd hypothesis + distance of random and deterministic
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Second Idea

kL diegere ¢ et
fecson:  dxbferent apprt,

29



Second Idea
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Second ldea ...,

Batch size vs. learning/rate
Xep1 = % = Vf(x) +/ne. g ~ NO,I)

el X () #Vean (k) =Vor (K (£ &)

Mou, Wenlong, et al. "Generalization bounds of sgld for non-convex learning: Two theoretical
viewpoints." Conference on Learning Theory. PMLR, 2018.

7



Sharp Minima

Training error
-- Testing error

sz '\ Sharp minimum  Flat minimum
Flat minimum Sharp minimum

Train with Larger noise Train with smaller noise

[SDE View ]

Smith, Samuel L., and Quoc V. Le. "A bayesian perspective on generalization and stochastic gradient descent." arXiv
preprint arXiv:1710.06451 (2017).
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Disaggrement?

Definition 4.1. The stochastic learning algorithm A satisfies the Generalization Disagreement
Equality (GDE) on the distribution ¥ if,

Eh,h/,\,ij [DiS@(h, h,)] = Ehwﬁf_A [TestErrg(h)]. (3)

Diffinit r?: 0.983 tau: 0.858

AIIDiff r: 0.986 tau: 0.899 DiffData r2: 0.998 tau: 0.948 DiffOrder r?:0.941 tau: 0.807
0275 0.20 =(1+0.1)x y
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Jiang, Yiding, et al. "Assessing generalization of SGD via disagreement." arXiv preprint
arXiv:2106.13799 (2021).
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Related works

Angelopoulos A N, Bates S. A gentle introduction to conformal prediction and distribution-free
uncertainty quantification[J]. arXiv preprint arXiv:2107.07511, 2021.

g



Scaling Law

The scaling law E(N, D)

\ Small Data P law Redi Irreducible
107 - 001 . Region ower-law Region Errpr
= % Region
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: 5
2 om- 0.08- =
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